Manifolds

Ed Segal
Autumn 2016

Contents
1 Introduction
2 Topological manifolds and smooth manifolds

2.1 Topological manifolds . . .. ... .. ... ... .........
2.2 Smooth atlases . . . . . . .. ... ...
2.3 Smooth structures . . . . . ...
2.4 Some more examples . . . . ...

Submanifolds

3.1 Definition of a submanifold . . . .. . ... ... ... ......
3.2 A short detour into real analysis . . . . . ... ... ... ..
3.3 Levelsetsin R™ . . . . . . . .. ... . .. ...

Smooth functions

4.1 Definition of a smooth function . . . . . ... .. ... .. ....
4.2  The rank of a smooth function . . .. ... ... ... .. ....
4.3 Some special kinds of smooth functions . . ... ... ... ...

Tangent spaces

5.1 Tangent vectors via curves . . . . . . . .. ... L oL
5.2 Tangent spaces to submanifolds . . . . . ... ... ... .....
5.3 A second definition of tangent vectors . . . . ... ... ... ..

Vector fields

6.1 Definition of a vector field . . . . .. ... ... ... ... ....
6.2 Vector fields from their transformation law . . . . .. . ... ..
6.3 Flows . . . . . . .

Cotangent spaces

7.1 Covectors . . . . . . . e
7.2 A third definition of tangent vectors . . . . ... ... ... ...
7.3 Vector fields as derivations . . . . . ... ... Lo

Differential forms

8.1 Ome-forms . . . . . . . .. ..
8.2 Antisymmetric multi-linear maps and the wedge product . . . . .
8.3 pforms . ...
8.4 The exterior derivative . . . . . . .. ... oL

32
32
36
39

43
43
48
51

53
33
57
59

62
62
66
70



9 Integration 97

9.1 Orientations . . . . . . . . . oL 98
9.2 Partitions-of-unity and integration . . .. ... ... ... ..., 101
9.3 Stokes’ Theorem . . . . . . ... ... ... .. ... ..., 106
A Topological spaces 109
B Dual vector spaces 113
C Bump functions and the Hausdorff condition 115
D Derivations at a point 116
E Vector bundles 119
F Manifolds-with-boundary 125

1 Introduction

A manifold is a particular kind of mathematical space, which encodes an idea
of ‘smoothness’. They’re the most general kind of space on which we can easily
do calculus - differentiation and integration. This makes them very important,
and they’re fundamental objects in geometry, topology, and analysis, as well as
having lots of uses in applied maths and theoretical physics.

The simplest example of a manifold is the real vector space R", for any n.
More generally, a manifold is a space that ‘locally looks like R™’, so if you zoom
in close enough, you can’t tell that you’re not in R”.

Example 1.1. The surface of the Earth is approximately a 2-dimensional
sphere, a space that we denote S2. There’s a myth that people used to think
the Earth was flat - the myth is obviously false, in fact the ancient Greeks had
a decent estimate of the radius of the Earth! But the story has a grain of plau-
sibility, because ‘close up’ the Earth does look flat, and we could imagine that
we're living on the surface of the plane R?. Hence the sphere S? is an example
of a 2-dimensional manifold.

Example 1.2. The surface of a ring doughnut is a space we call a (2-dimensional)
torus, and denote T2 (see Figure 1). If you were a very small creature sitting
on the doughnut, it wouldn’t be immediately obvious that you weren’t sitting
on R%. So T? is another example of a 2-dimensional manifold.

Let’s go down a dimension:

Example 1.3. A circle, sometimes denoted S*, is an example of a 1-dimensional
manifold. A small piece of a circle looks just like a small piece of the real line
R.

Here’s an example of a different flavour:

Example 1.4. Let Mataxa2(R) be the set of all 2 x 2 real matrices, this is a
4-dimensional real vector space so it’s isomorphic to R*. Now let

GLo (R) C Matoyo (R)



Figure 1: A torus.

denote the subset of invertible matrices. If M is an invertible matrix, and N
is any matrix whose entries are sufficiently small numbers, then the matrix
M + N will still be invertible. So every matrix ‘nearby’ M also lies in GLy(R)
(i.e. GL2(R) is an open subset). This means that a small neighbourhood of
M looks exactly like a small neighbourhood of the origin in Matyxo(R) = R%.
Hence GL3(R) is an example of a 4-dimensional manifold.

This is an example of a Lie group, a group that is also a manifold. Lie groups
are very important, but they won’t really be covered in this course.

We often picture manifolds as being subsets of some larger vector space, e.g.
we think of 52 or T2 as smooth surfaces sitting inside R3. This is very helpful
for our intuition, but the theory becomes much more powerful when we can talk
about manifolds abstractly, without reference to any ambient vector space. A lot
of the hard work in this course will involve developing the necessary machinery
so that we can do this.

2 Topological manifolds and smooth manifolds

2.1 Topological manifolds

We now begin formalizing the concept of a manifold. The full definition is rather
complicated, so we begin with a simpler version, called a topological manifold.

Definition 2.1. Let X be a topological space. A co-ordinate chart on X is
the data of:

e An open set U C X.
e An open set Uc R"™, for some n.

e A homeomorphism R
f:U=U

When we want to specify a co-ordinate chart we always need to specify this
triple (U,U, f), but often we’ll be lazy and just write (U, f), leaving the U
implicit.

The key distinguishing property of manifolds is that co-ordinate charts exist!



Definition 2.2. Let X be a topological space, and fix a natural number n € N.
We say that X is an n-dimensional topological manifold iff for any point
x € X we can find a co-ordinate chart

f:USUCR?
with z € U.

In words, this says that at any point in X we can find an open neighbourhood
which is homeomorphic to some open set in R™. A concise way to say this is
that X is ‘locally homeomorphic’ to R™ (some people use the term ‘locally
Euclidean’).

It’s possible to prove that an open set in R™ cannot be homeomorphic to
an open set in R™ unless n = m, so the dimension of a topological manifold is
unambiguous. The proof of this fact is not difficult, but it uses some algebraic
topology that isn’t in this course.

Remark 2.3. There are two more conditions that are usually part of the defini-
tion of a topological manifold, namely that the space X should be:

e Hausdorff, and
e second-countable.

These are technical conditions used to rule out certain ‘pathological’ examples
(see Appendix A). Every space we see in this course will be Hausdorff and
second-countable, and we’re going to avoid mentioning these conditions as far
as possible.

Example 2.4. The circle S' is a 1-dimensional topological manifold. Let’s
prove this carefully. Firstly, let’s define S' to be the subset

St ={(z,y); 2> +y* =1} CR?

and equip it with the subspace topology. Next we need to find some co-ordinate
charts, we’ll do this using stereographic projection.

Let (z,y) be a point in S*, not equal to (0, —1). Draw a straight line through
(z,y) and the point (0,—1), and let Z € R be the point where this line crosses

the z-axis, so:
x

1+y

i‘:

This sets up a bijection between points in S* (apart from (0, —1)) and points

in the z-axis. So let’s set
Uy =S*\ (0,—-1)

and note that this is an open set, since it’s the intersection of S I with the open
set {y # —1} C R%. Now set U; = R, and

f1:U1—>Ul

(0,y) = & = ——
14y



(x,0)

(-1,0)

Figure 2: Stereographic projection.

Then f; is continuous, since it’s the restriction to Uy of a continuous function
defined on {y # —1} C R2. To show that f; is a bijection we write down the
inverse function:

ffl : Ul — U,
- 21—
7 e
1+22 1+ 22
An elementary calculation shows that f; ! (Z) really does lie in Uy for any & € R,
and that f; and f; ' really are inverse to each other. Also f; ' is continuous
(since it’s evidently continuous when viewed as a function to R?), so we conclude
that f is a homeomorphism. The triple (U, Uy, f1) defines our first co-ordinate
chart.

For our second co-ordinate chart, we use the same trick but we project from
the point (0, 1) instead. So we define Uy = S\ (0,1) and U, = R, and:

fg:Ug%UQ

X
(z,y) = ——
-y

We repeat the previous arguments to check that this is also a co-ordinate chart.
Now any point in S! lies in either U; or Us (most points lie in both) so we have
proved that S! is a 1-dimensional topological manifold.

Now let’s do the same thing for the n-dimensional sphere S™.

Example 2.5. Let

St = {(xo, ey X)) fo - 1} c R



with the subspace topology. We get our first co-ordinate chart using sterero-
graphic projection from the point (0, ...,0, —1) (the “south pole”). So we define

U, =5"\(0,..,0,-1)
U; =R"
and

f12U1—>U'1

Zo Tp—1
(fL'[), ,(En) <1+In’ u1+xn>

We can prove that f; is a homeomorphism using the arguments from the pre-
vious example, in particular the inverse to f; is the function

2% 27,1 1-> 7%
14+3 227 714y 22 14> 72

For our second co-ordinate chart we project from the point (0,...,0,1) (the
“north pole”), i.e. we set

fl_l : (i’o,...,i’n_l) g <

Uy = S™\ (0,...,0,1)

U, =R"
and:
fg : UQ — 02
Zo Tp—1
ey Ty ) s
(xo’ ’m) (lzn lxn>

Since every point in S™ lies in at least one of U; and Us, this proves that S™ is
a topological manifold, of dimension n.

2.2 Smooth atlases

Let’s go back to S* again. Pick a point (z,y) € S which isn’t (0, —1) or (0,1).
We’ve found two co-ordinate charts that we could use near this point; if we use
U; (and f1) then our point has co-ordinate L‘i—y, but if we use Uy (and f3) then
our point has co-ordinate 1fy. How can we switch between the two co-ordinate
systems?

The intersection of our two co-ordinate charts is

UrnUs = Sl \{(Oa 71)7 (Oa 1)}

In this locus, both the functions f; and f; are defined. Now notice that in the
co-ordinate chart Uy, the point (0,1) gets mapped to the origin in R. So the
function f; defines a homeomorphism:

f11U1ﬁU2;>R\O

Similarly, the point (0, —1) lies in the co-ordinate chart Us, and it gets mapped
by fo to the origin in R. So the function f5 also defines a homeomorphism:

f22U1ﬁU2;>R\0



To change between co-ordinates we must consider the composition:
¢21 ngoffl R\OL)R\O
This sends Z € R\ 0 to:
s 2z 1-—3? 1
on® =517 Trm) =3

So if our point has co-ordinate  under our first co-ordinate chart, then it has
co-ordinate 1/ in our second chart. The function ¢o; is called a transition
function.

More generally, suppose X is any topological manifold, and let

f1:U1L>ﬁ1CRn

and R
fg : Uy L)UQ c R"

be two co-ordinate charts on X. The intersection U; N Us is an open subset of
Ui, and f; gives us a homeomorphism:

f1 UL NU, %fl(UlﬂUz) Cﬁl

The image of this homeomorphism is some open subset of R", contained in U;.
Similarly, fo gives us a homeomorphism

fz : U1 OUQ ; fg(Ul ﬂUg) C (72
onto some other open subset of R”, which is contained in Us.

Definition 2.6. Let X be a topological manifold, and let (Uy, f1) and (Us, f2)
be two co-ordinate charts on X. The transition function between these two
co-ordinate charts is the function:

bo1 = foo fi s fr(Un NU2) == fo(U; NUy)

The transition function is automatically a homeomorphism between these
two open subsets of R™, since it’s a composition of two homeomorphisms. Notice
that it’s possible that the intersection of U; and Us is empty, but then the
transition function isn’t very interesting!

Also notice that ¢2; depends on the ordering of the two co-ordinate charts;
it’s the transition function from the chart Uy to the chart Us. If we reverse the
order then we get the transition function

b1 = frofy i folUNUs) = f1(Uy NUz)
but these two functions are inverse to each other:
p12 = (¢o1) "

Example 2.7. Let X = S™, and consider the two co-ordinate charts that we
found in Example 2.5. We have

Uy NUy = 5™\ {(0,...,0,—1), (0, ...,0,1)}



f[iU1NUz) =R™"\ 0
f2(UiNUz) =R™\ 0

(in this example both f1(U; N Usz) and fo(U; N Usy) happen to be the same
subset of R™, but this is a coincidence). The transition function between these
two charts is the function:

¢21R"\O;>R"\O

- - T T
(Io,...,l‘n_l) > (Z;Q, ceny fj;)
[ [

A transition function tells us how to change co-ordinates between two differ-
ent charts in some region of our manifold, so it tells us each new co-ordinate as
some continuous function of the old co-ordinates. However, we don’t want our
change-of-co-ordinate functions to be merely continuous, we really want them
to be smooth.

Recall that a function

F:R" — R™

is called smooth (or C°) if we can take partial derivatives of F' to any order,
in any direction. This definition also makes sense if F' is only defined on some
open subset of R™. Since a transition function is a function from an open set in
R™ to some other open set in R™, it makes sense to ask if the transition function
is smooth.

Note that if we just have a single chart (U, f) then (in general) it makes no
sense to ask if f is smooth! This is because U is just an open set in an abstract
topological space X, so we have no way of defining differentiation. It’s only
when we are comparing two charts that we can ask about smoothness.

Definition 2.8. Let X be a topological manifold. An atlas for X is a collection
of co-ordinate charts on X

fi:Ui»U cR", el
indexed by some (possibly-infinite) set I, such that
Yui=x
iel

So an atlas is a set of co-ordinate charts that collectively cover the whole of
X. By the definition of a topological manifold, an atlas always exists. The next
definition is more important:

Definition 2.9. An atlas for a topological manifold X is called smooth iff for
any two charts in the atlas, the transition function

bij : f[{({U:NU;) = fi(UiNU;), i,5€l
is a smooth function.

So a smooth atlas is a collection of co-ordinate charts that cover the whole of
X, and such that whenever we change co-ordinates the new co-ordinates depend
smoothly on the old co-ordinates.



Recall that a bijection ¢ between two open subsets of R" is called a diffeo-
morphism if both ¢ and ¢! are smooth. If we have a smooth atlas then all the
transition functions have to be diffeomorphisms, because the definition requires
that both ¢;; and the inverse transition function ¢;; = (bi_jl are smooth.
Example 2.10. Let X = S™, and consider the atlas consisting of the two co-
ordinate charts that we found in Example 2.5. In Example 2.7 we wrote down
the transition function ¢o; between the two charts, and it is clearly a smooth
function. By symmetry, the transition function ¢15 in the other direction is also
a smooth function (in fact it’s easy to check that ¢12 = ¢21 in this example).
Therefore this is a smooth atlas.

Note that it was important to check that both ¢12 and ¢o; were smooth,
because there do exist smooth bijections whose inverses are not smooth!

The next example shows another way that we might approach the circle.

Example 2.11. Let the group Z act on the real numbers R by translations, so
the orbit of a real number z is the set:

] ={z +n; neZ}

Let T* = R/Z be the set of orbits, i.e. T" is the quotient set of R by the
equivalence relation £ ~ y <= x —y € Z. The notation T' here means
‘1-dimensional torus’. Let

¢g:R—1T!

be the quotient map, which sends z to [z]. We give T the quotient topology,
so a set U C T is open iff its preimage ¢~1(U) is open, this means that q is
automatically continuous. Notice that ¢ is also an open mapping, i.e. it sends
open sets to open sets. This is because if W C R is any open set then ¢~ (q(W))
is the union of all translates of W, hence it is an open set, hence ¢(W) is an
open set in T

Every equivalence class apart from [0] has a unique representative in the
interval [0, 1], so:

T =[0,1]/(0~ 1)

i.e. we form T! by taking an interval and then gluing the two ends together.
This gives us a circle! In fact T is homeomorphic to S*, via the map:

z — (cos(2mx), sin(27z))

However, thinking of the circle as T! gives a different way to find a smooth
atlas. Let U; be the open interval

U,=(0,1)CcR

and let: R
U, = q(Ul) C Tl

Then the quotient map ¢ : Uy —» Uy is a bijection. We let
fi:U = U =(0,1)CR

be the inverse function to q : U; — Uy, so fi([z]) is the unique representative
of the orbit [x] which lies in the interval (0,1). Since ¢ is an open mapping,



Figure 3: The 2-dimensional torus 7% = R?/Z2.

the function f; is continuous, and thus a homeomorphism. Hence (U, f1) is a
co-ordinate chart on 7.

Now let Uz = (—1,1) C R, so we get a second co-ordinate chart by defining
U, = q(f]g) and defining fo to be the inverse of the quotient map q : Uy — Us.
These two charts cover the whole of T'!, now let’s look at the transition functions.

We have
UrnnUz = T{[0}, [3]} . Ai(UinUs) = (0, 3)U(5,1),  fo(UiNU2) = (=35, 0)L(0, 3)
and the transition function is:

¢21:(0,3)U(3,1) — (=3,00L(0,3)

’2

7
x, forx<%
T 1
r—1, forx >3

This function is a diffeomorphism; both ¢2; and its inverse ¢1 are smooth. So
this is a smooth atlas on T'.

Now let’s do the 2-dimensional version of the previous example:
Example 2.12. Let the group Z? act on R? by translations, so the orbits are:
[(z,9)] = {(z +n,y +m); n,m € Z}
Let T? = R?/Z? be the quotient space. We can picture this as a square with
opposite sides glued together:
7% =[0,1] x [0,1] / (2,0) ~ (z,1) and (0,y) ~ (1,y)

(see Figure 3). Hopefully it’s clear that this produces a 2-dimensional torus.
Let g denote the quotient map g : R? — T2. Now consider the following four
open subsets of R2:

ﬁl :(051) X(Oal)v 02:(—%’%)X(071)

U3:(051) X(_%v%)7 U4=(—%,%)X(—%,%)
For each ¢ we set U; = Q(Ui) C T2, and then since q : U — U is a bijection
we can define f; : U; — U; to be the inverse to ¢. Using the same arguments as
in Example 2.11 we can show that each (U, f;) is a co-ordinate chart, and it’s
easy to check that this is a smooth atlas.

We can generalize this to 7™ = R™/Z™ for any n; this gives us an n-
dimensional torus.

10



Here’s a trivial but important example:

Example 2.13. Let X = R". Now let Uy = X, let Uy = R"™, and let
f() : UO L) 00

be the identity function. This is a co-ordinate chart, and since it covers all of
X it is in fact an atlas (consisting of a single chart). Hence R" is a topological
manifold, of dimension n. Furthermore this is a smooth atlas, because there are
no non-trivial transition functions!

More generally we can let X be any open set inside R"™, then the same
procedure provides a smooth atlas on X (with a single chart).

2.3 Smooth structures

If we're given a smooth atlas for a topological manifold X then we have a
collection of co-ordinate charts which cover all of X. However, in practice we
might wish to also use other co-ordinate charts, since different co-ordinates are
useful for different problems.

Definition 2.14. Let X be a topological manifold, and let

be a smooth atlas for X. Let (U, f) be any co-ordinate chart on X. We say
that (U, f) is compatible with the atlas A iff the transition functions between
(U, f) and any chart in A are diffeomorphisms.

In other words, the new chart (U, f) is compatible with the atlas A iff the
union AU {(U, f)} is still a smooth atlas.

Once we've fixed a smooth atlas A, it’s not very important to know which
co-ordinate charts are actually in A: the important thing is to know which
charts are compatible with A. These are the charts that we are ‘allowed to use’,
we should disregard all the charts that are not compatible with A.

There are two obvious ways to produce new charts which are compatible
with A.

Lemma 2.15. Let A be a smooth atlas on an n-dimensional topological mani-
fold, and let 3
f:USU

be a chart in A.

(i) Let V be an open subset of U. Then fly : V. — f(V) is a co-ordinate
chart on X which is compatible with A.

(ii) Let V C R" be an open set and let g U — V be a diffeomorphism. Then
go f:U — V is a co-ordinate chart on X which is compatible with A.

Proof. Exercise. O

Example 2.16. We saw in Example 2.13 that there is a ‘trivial’ smooth atlas
on the topological manifold X = R. Let A denote this atlas; it contains a single
chart (Uy, fo) with Uy = R and fy the identity function.

11



Here are two more co-ordinate charts on X:

Ui =Rso, Ui=Rsg, fi(z)=

— 8|

Uz =Re1, Us=Rsg, foz)=

1—2

Since fy is the identity, the transition function from (Up, fo) to (Uy, f1) is simply:
$10=f1: R0 — R

This is a diffeomorphism, so the chart (U, f1) is compatible with the atlas A.

Similarly the transition function from (Uy, fo) to (Us, f2) is the diffeomorphism
$20 = f2 : Reg = Ry

so (Ua, f2) is also compatible with A.
For completeness let’s write down the transition functions between (Uy, f1)
and (Uz, f2). We have

UrNUz;=(0,1), fr(U1NT2) =Rsq, fo(U1NUz) =Rsq

and:

621(7) = —— = d12(7)

X

Notice that in this example the two charts (Uy, f1) and (Us, f2) cover the
whole of R, so they form an atlas; in fact they form a smooth atlas, because
@91 is a diffeomorphism. In an important sense, this atlas is ‘equivalent’ to the
atlas A.

Definition 2.17. Let X be a topological manifold, and let A and B be two
smooth atlases for X. We say that A and B are compatible iff every chart in
B is compatible with the atlas A.

Equivalently, we could say that A and B are compatible iff every chart in A
is compatible with the atlas B, or iff the union A U B is a smooth atlas.

Example 2.18. In Example 2.16 we found two smooth atlases on R, one with a
single chart, A = {(Uy, fo0)}, and one with two charts, B = {(Ux, f1), (Us, f2)}.
These two atlases are compatible.

As we've said, knowing exactly which charts are in our atlas A is not so
important, all we really care about is the set of charts that are compatible with
A. The next lemma says that if we replace A by a compatible atlas B then this
information does not change: the set of compatible charts remains the same.

Lemma 2.19. Let X be a topological manifold, and let
A:{(Ui,fi); iEI} and B:{(Uj,fj); ]EJ}

be two compatible smooth atlases for X. Let (Uy, fo) be a co-ordinate chart on
X which is compatible with the atlas A. Then (U, fo) is also compatible with
B.

12



Proof. Pick any chart (Uj, f;) in B and consider the transition function:
bjo0 : folUo NU;) — f; (U NU;)

We need to show that both ¢;o and ¢;01 are smooth functions. Pick any point
Up NU;. We're going to show that ¢y is smooth at the point fy(z), and that
(bj_ol is smooth at the point f;(x) = ¢jo(z). If we can do this for any point x,
then we’ll have shown that both functions are smooth, and proved the lemma.
Since A is an atlas, there exists some chart (U;, f;) € Awithz € U;. Set W =
Up NU; NUs, this is an open neighbourhood of . We have homeomorphisms:

w
y lﬁ\f])
BOV) ROV) 00
The set fo(W) is an open set inside fy(Up N Uj), and the composition
fiofgt s fo(W) == f;(W)

is just the restriction of the transition function ¢;o. Similar statements apply
when we move between f;(WW) and either of the other two charts, so we have
that:

$j0l fowy = il r.ow) © biol go(w)
Since ¢;; and ¢;0 are smooth by assumption, it follows that ¢ ;o is smooth within
the open set fo(W), and in particular it is smooth at the point fy(x). Since gb;jl

and (;5;01 are also smooth, ¢;01 is smooth at the point f;(x). O

Corollary 2.20. Compatibility is an equivalence relation on smooth atlases.

Proof. Exercise. O
Finally we can define the objects we really care about!

Definition 2.21. A smooth manifold is a topological manifold X together
with an equivalence class [A] of compatible smooth atlases on X. We call the
equivalence classes of atlases a smooth structure on X.

If we want to specify a smooth structure on X then we have to give a specific
smooth atlas A, but once we’ve done that then we are free to change A to any
other compatible atlas. Notice that it makes sense to say that a co-ordinate
chart is compatible with a smooth structure, since the set of compatible charts
is independent of the specific choice of atlas.

Example 2.22. Let X = R” and let A be the ‘trivial’ atlas from Example
2.13. Then (R", [A]) is a smooth manifold. This is called the standard smooth
structure on R”.

Example 2.23. Let X = 5™ and let A be the ‘stereographic projection’ atlas
from Example 2.5. Since this is a smooth atlas (Example 2.10), the pair (S™, [A])
defines a smooth manifold.

13



Example 2.24. Let X = T, and let 3 be the smooth atlas from Example 2.11.
Then (T*,[B]) is a smooth manifold. Similarly (7™, [B]) is a smooth manifold,
where B is the smooth atlas on the n-dimensional torus described in Example
2.12.

As we shall see later, our two versions of the circle, (S, [A]) and (T, [B]),
really are ‘the same’ smooth manifold.
Now let’s see an example of two atlases which are not compatible.

Example 2.25. Let X = R again, and consider the function:
g:R—R

. r, forx <0
2z, forx >0

<V

Figure 4: The function g from Example 2.25.

This is a homeomorphism, so (R, g) is a co-ordinate chart on X. Furthermore
the chart covers the whole of X, so it gives us an atlas

C={(R.9)}

which is automatically smooth since there are no transition functions to check.
Hence (R, [C]) defines a smooth manifold.

However, because the function g is not smooth (it fails to have a derivative
at the point & = 0), this co-ordinate chart is not compatible with the ‘trivial’
atlas A from Example 2.13. So [C] is a different smooth structure from the
standard one [A].

14



Nevertheless, it will turn out that the two smooth manifolds (R, [A]) and
(R, [C]) are still ‘the same’ smooth manifold (in the same sense that S* and 7"
are ‘the same’).

2.4 Some more examples

We’re now going to show that a smooth atlas doesn’t just determine the smooth
structure on X, it also determines the underlying topology. This is quite useful
for constructing examples of smooth manifolds, as we shall see.

Suppose that X is just a set, not a topological space. Now suppose we have
a subset U C X, and a bijection

f:USSU

where U is an open subset of R™. This is quite like a co-ordinate chart, but note
that it makes no sense to ask if f is a homeomorphism. Let’s refer to this data
(U, f) as a pseudo-chart on X. Similarly, let’s call a collection A = {(U;, fi)}
of pseudo-charts on X a pseudo-atlas if the union of all the U; is the whole of
X (warning: this is not standard terminology, I made up these words).

It still makes sense to talk about ‘transition functions’ for pseudo-charts. If
(Uy, f1) and (Ua, f2) are two pseudo-charts on X, then f1(U; NUs) is some (not
necessarily open) subset of Uy, and fo(U; N Us) is a subset of Uy, and we get a
bijection:

po1 = foo fi 1 fr(Ui NUs) = fo(Ur NUs)
In general there’s no reason for ¢9; to be continuous. However, in many natural
examples it will be continuous, and we have the following result:

Proposition 2.26. Let X be a set, and let A= {(U;, f;)} be a pseudo-atlas for
X. Suppose that for any pair (Uy, f1), (Us, f2) of pseudo-charts in A, we have
that:

(a) both f1(U1 NUs) C U, and f2(U1NUy) C Us are open subsets, and
(b) the transition function ¢o1 is continuous.

Then there is a topology on X such that each (U;, f;) is a co-ordinate chart.
This topology is unique.

So a pseudo-atlas with properties (a) and (b) gives X the structure of a
topological manifold.

Proof. Suppose that we can find such a topology on X. Then each U; must be
open, by definition. If V' C X is any other open set, then it must satisfy:

f;(VNU,;) is open in U;, for all (U;, fi) € A (2.27)

Conversely, if V' C X is a subset that satisfies this property, then each V N U;
is open in X, and since
v=|J vnu)
(Ui, fi)eA
the set V must also be open. So the open sets are precisely the subsets that
satisfy property (2.27). This proves uniqueness.
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To prove existence, we can define the topology on X by declaring that the
open sets are the subsets that satisfy (2.27). We leave it as an exercise to prove
that this does define a topology, and that for this topology each (U;, f;) is a
co-ordinate chart. O

Corollary 2.28. If we make the further assumption that each ¢o1 is smooth,
then [A] is a smooth structure on the topological manifold X .

Proof. By definition! O
Now let’s use this trick to define a manifold called 'real projective space’.

Example 2.29. Let RP! denote the set of lines through the origin (i.e. 1-
dimensional subspaces) in R?. Any non-zero vector (z,y) € R? lies in a unique
line, which we denote by x :y. Two vectors lie in the same line iff they're
proportional, so = :y and Az : Ay are the same line for any non-zero A € R.
Let’s show that we can make RP! into a smooth 1-dimensional manifold, using
Corollary 2.28.

The y-axis is the line 0:1. Any other line x:y has a well-defined gradient
y/z € R, and this gives a bijection:

fi:Up =RP'\0:1 = R

This is a pseudo-chart, and we can get a second one by setting Uy = RP! \ 1:0
and considering:
f2 : U2 L} R
Ty a/y
So we have pseudoatlas. Both f1(U; N Us) and fo(Uy N Us) are the subset

R\ 0 C R, so condition (a) from Proposition 2.26 holds. The inverse to f; is
the function

g1y
so the transition function ¢o; is:
¢21 R \ 0 ;> R \ 0
g 1/7

Both ¢9; and its inverse ¢12 are continuous, and smooth. So this determines a
topology on RP! making it a topological manifold, and this a smooth atlas.

In fact RP! is just the circle again. To see this observe that there’s a well-
defined map:

R/Z — RP!
T+ COSTT : sinmx
It should be clear that this is a bijection between T' and RP!, and it’s not too
hard to prove that it’s a homeomorphism. It will also be straightforward to
show that RP! is the same smooth manifold as 7" (and hence also the same as

S1), once we've learnt how to say that precisely.
However, in higher dimensions we get some genuinely new examples:
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Example 2.30. Let RP™ denote the set of lines in R®*!, and for a non-zero
vector (g, ..., Z,) we denote the corresponding line by zg : ... : ,,. For each
i € [0,n] we can get a pseudo-chart on RP" by setting U; = {x¢:...:2p, z; # 0}
and:

fiZUZ‘—)Rn

To o Fio1 Tip an)

...l Ty — , , s eeey

This is a bijection, its inverse is:
—1 . ~ ~ ~ . R~ i~ . i~
fi (@1, ey Bn) = B B L@y i By

If we take a pair of these charts (U;, f;) and (Uj, f;) (with ¢ < j say) then the
transition function is

¢ji : R"\{Z; = 0} — R" \ {§i41 = 0}
- - 1 /. - - A -
(T1y ooy @) > — (xl, s Ty LB 1y ey g eny xn>
L
(where the j indicates that we skip the component Z;/Z;). This is a smooth
function between open subsets of R™. By Corollary 2.28 this gives RP™ the
structure of a smooth manifold.

If we generalize this example by considering k-dimensional subspaces of R™,
rather than 1-dimensional subspaces, we get ‘Grassmannian’ manifolds. This
gets a bit more fiddly than our previous examples, and we won’t go into all the
details.

Example 2.31. For any k € [0,n], we define Gr(k,n) to be the set of k-
dimensional subspaces of R™ (so RP" = Gr(1,n + 1)). We claim that we can
give Gr(k, n) the structure of a smooth manifold, with dimension k(n — k).

Suppose S C R"™ is a k-dimensional subspace. If we fix a basis for S then this
determines a rank k matrix M € Matx,(R) whose rows are the basis vectors.
Changing basis in S corresponds exactly to multiplying M by an invertible k x k
matrix, so Gr(k,n) is the quotient set:

{M € Mat, «x(R), rank(M) =k} / GLg(R)
Now take one of these matrices M, and split it into two blocks
M — (MI | M/l)

where M’ is a k x k matrix and M" is a k x (n — k) matrix. Suppose M’ is
invertible, so we can multiply M by (M’)~!. Then M is equivalent in Gr(k,n)
to a matrix of the form

(Zk| V)

where [, is the k x k identity matrix and N € Matyy (n—z)(R). Furthermore
there is exactly one point in the orbit of M that has this form. So this gives us
a bijection between Maty,y (,—r)(R) and a subset of Gr(k,n), namely the set of
orbits [M] such that M’ is invertible.
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This gives us one pseudo-chart on Gr(k,n). To get another pseudo-chart,
fix a subset J C {1, ...,n} of size k, and let M, be the k x k matrix obtained by
taking the corresponding set of columns from M (so in our first pseudo-chart
were setting J = {1,...,k}). If M’ is invertible then (M’})~'M is a matrix of
a special form: if you extract the J columns from it then you get the identity
matrix [. For example, if n =5,k =2, and J = {1, 3} then

o= (g 50 L)

for some 2 x 3 matrix (3 b ]cc) So we get a bijection between Maty,y (n—r)(R)
and the subset:
{[M], det(M}) £ 0} < Gr(k,n)

To see that these pseudo-charts cover the whole of Gr(k,n) we need to quote a
result from linear algebra: if every k X k minor of a matrix M vanishes (i.e. if
det(M’) = 0 for each J) then M has rank less than k.

Finally, by staring at this definition you should be able to convince yourself
that the transition functions between these pseudo-charts are all given by ra-
tional functions, so they are smooth. So this defines the structure of a smooth
manifold on Gr(k,n).

Now that we’ve laid down some technical foundations, we can get on with
actually studying some manifolds. From this point on we're going to assume
that ‘everything in sight is smooth’, i.e. we’re going to say

e ‘Manifold’ when we mean ‘smooth manifold’.
e ‘Atlas’ when we mean ‘smooth atlas’.

e ‘Co-ordinate chart’ when we mean ‘compatible co-ordinate chart’.
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3 Submanifolds

3.1 Definition of a submanifold

Consider the following two subsets of R2:

Zy; = {(x,sinx)}
Zy ={(z,z), x <0} U{(x,22), x > 0}

So Z; is the graph of the function x +— sinz, and Zs is the graph of the function
g from Example 2.25 and Figure 4. The subset Z; is nice and smooth, it looks
like a (1-dimensional) manifold. But Z5 doesn’t look like a manifold, it has a
sharp corner at the origin.

However, both of these subsets are homeomorphic to R, in fact the graph
of any continuous function R — R is always homeomorphic to R. So Z is
certainly a topological manifold, and we could equip it with a smooth atlas if
we wanted to. So why doesn’t it look like a smooth manifold?

The problem is (of course) the way in which Z5 is sitting inside the ambient
space R2. To understand what’s happening precisely, we need to introduce the
concept of a submanifold.

Recall that an affine subspace of R™ is a translation of a linear subspace,
i.e. a subset of the form

A={z+v; zeW}CR"

for some vector v € R™ and some linear subspace W C R". Linear subspaces
are special case of affine subspaces.

Roughly speaking: a manifold is a space X that locally looks like R™, and a
submanifold is a subset of X which locally looks like an affine subspace in R™.

Example 3.1. Consider the subset Z; = {(z,sinz)} C R? again. Now let

U=R? U =R? and:
f:U— U
(z,y) = (z,y —sinz)

It’s easy to check that f is a diffeomorphism, so (U, f) defines a co-ordinate
chart on R? (compatible with the standard smooth structure). Futhermore,
f(Zy) is the subset: 3

{(z,0)} U

So in these co-ordinates, Z; is just the linear subspace R x {0} C R2.
Now we write down the formal definition.

Definition 3.2. Let X be a (smooth) manifold. Let Z be any subset of X. We
say that Z is an m-dimensional submanifold of X iff, for any point z € Z,
there exists a (compatible) co-ordinate chart on X

f:U S UCR?
with z € U, and an m-dimensional affine subspace A C R", such that:

fUNnz)y=UnA
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In Example 3.1 we proved that the subset Z; inside R? is a 1-dimensional
submanifold (when R? is equipped with the standard smooth structure). The
subset Z5 is not a submanifold, but we shall not prove this fact now.

Obviously any affine subspace A C R" is a submanifold of R™ (with its
standard smooth structure), just use the trivial chart on R™.

Example 3.3. Recall our definition of S*:
St={a®+y* =1} CR?

Let’s prove that this subset is a (1-dimensional) submanifold of R?. We just
need to use polar co-ordinates! Set

Ul = Rz \ {(l’,O), x < 0}7 01 = R>0 X (_71—77()
and:

ffl : Ul — U,
(r,0) — (rcosf,rsin@)

Then it’s clear that ffl is a smooth bijection. It’s slightly less obvious that the
inverse function f; : Uy — 01 is also smooth, but this can be shown using the
Inverse Function Theorem (more on this shortly). Hence (Uy, f1) is a co-ordinate
chart on R?, compatible with the standard atlas. We have

f(S*nUy) ={(1,6), 0 € (—m,7)} c T,

which is the intersection of U; with the 1-dimensional affine subspace {1} xR C
R%. Every point on S! except for (—1,0) lies in Uy, so this co-ordinate chart
demonstrates that S' satisfies the submanifold condition at every point except
for (—1,0). To deal with this final point we can take a second co-ordinate chart
(Ua, f2) using polar co-ordinates with 8 € (0,27) (so we delete the positive
x-axis).

If Z C X is an m-dimensional submanifold, then Z is automatically a topo-
logical space because we can give it the subspace topology. We claim that in fact
Z itself is a topological manifold of dimension m (as the name suggests!), and
moreover it has a natural smooth structure induced from the smooth structure
on X. To prove this, we first need to understand how to get co-ordinate charts
on a submanifold.

Let’s introduce a little more terminology. For any m € [0,n], let us define
the standard affine subspace (of dimension m) to be the subspace

{(z1,..c;m,0,...,0)} CR"
and we’ll just write R” C R™ when we mean this standard subspace.

Lemma 3.4. If X is an n-dimensional manifold, and Z C X is an m-dimensional
submanifold, then for any point z € Z there exists a chart (U, f) on X contain-
ing z such that f(UNZ) is the intersection of U with the standard affine subspace
R™ C R™.
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Proof. Pick z € Z. By definition, there is a chart f : U — U around z such
that f(U N Z) is the intersection of U with some affine subspace A C R™. It’s
elementary to see that there is an invertible affine map

7:R*" - R"

i.e. the composition of an invertible linear map and a translation, which maps
A to the standard subspace R™ (just pick an appropriate basis). Since 7 is a
diffeomorphism we can form a new chart (U,7 o f), and this has the required
property. O

So around any point in a submanifold Z we can always choose co-ordinates
which make Z look like the standard subspace. We can use this fact to produce
co-ordinate charts on Z, as follows. Pick a chart

U0

on X as in the previous lemma. The intersection V = Z NU is an open set in
Z, and f induces a homeomorphism:

g: V=SV =UNR™

Since V is an open set in R™, this is a co-ordinate chart on Z.
The procedure we’ve just performed is simple, but important. Make sure
you understand it!

Example 3.5. In Example 3.3 we showed that S is a submanifold of R?. Let
(U1, f1) be the polar co-ordinate chart on R? from that example. Then as we
saw, f1 induces a homeomorphism between

Vi ZSlﬁU1 =U1\(—1,0)

and the intersection of U; with the affine subspace {r = 1}. As in Lemma 3.4
we can compose f; with the affine map 7 : (r,0) — (6,7 — 1) to get a new chart
on R2:
7—Ofl : Ul L> (—7‘(’,71') X (—1,00)
(rcos@,rsinf) — (0,7 — 1)
Then the image of V; in these co-ordinates is the subset (—m,7) x {0}, i.e. the

intersection of the standard subspace R C R? with the codomain of the chart.
So the induced chart on S* is:

g: Vi = ‘71:(—77,71) CcR
(cos,sinf) — 0
We can also do this procedure starting from the polar co-ordinate chart (Us, f2)

with domain Uy = R?\ {z > 0} and codomain R~ x (0, 27). Then the resulting
chart on S! is:

g2: Vo=8"\ (1,00 = Vo =(0,2r) CR
(cosf,sind) — 0
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Together, these two charts form an atlas for S'. Let’s check that they form a
smooth atlas; we’ll do it in a way that’s a bit more complicated than necessary,
because it’s helpful for understanding the proof of the next lemma.

Consider the two charts (U, 7o f1) and (Us, T o f2) on R?, which both map
S! to the standard subspace. The transition function between them is:

~

$a1: ((—=m,0)U(0,m)) x Ry = ((0,m) U (m,2m)) x Rs_4

p (0,7") for 6 >0
(9,r)»—>{ (0 +2m,7") for 6 <0

Notice that this function maps the subset ((—,0) U (0,7)) x {0} to the subset
((0,7) U (m,2m)) x {0}; this had to be true because these are subsets corre-
sponding to S1. So if we restrict ¢2; to the subset {r' = 0} we get an induced
function:

a1 :((—W,O) U (O,w)) = ((O,Tr) U (, 271'))

0 0 for 8 >0
0+27 for0 <0

Now consider the induced charts (Vi,g1) and (Va,g2) on S!; the transition
function between these two charts is exactly the function 5. It’s evidently a
diffeomorphism, so this is indeed a smooth atlas for S*.

It’s a straight-foward exercise to check that this smooth atlas is compatible
with the ‘stereographic projection atlas’ from Example 2.4; just compute all the
transition functions. Hence it defines the same smooth structure as the one we
already have.

Now we generalize this example.

Lemma 3.6. Let X be an n-dimensional manifold, and let Z C X be an m-
dimensional submanifold of X. Let (Uy, f1) and (Ua, f2) be two charts on X
each of which maps Z to the standard subspace. Let (V1,g1) and (Va,ga) be the
two induced charts on Z, and let o1 be the transition function between them.
Then a1 is smooth.

Proof. To simplify our notation let’'s set U = Uy NUs,and V =ViNVe =UNZ.
By assumption, we have:

V)= AW)NR™  and  fo(V) = fo(U)NR™
We know we have a smooth transition function
¢21: f1(U) = f2(U)

between the charts on X, and restricting this to the subspace R™ gives a smooth
function: R

Vo1 = ¢ai|rm : f1(V) — fa(U)
However, we also know that ¢o; must map fi1(V) to f2(V), so the image of

'~

1@1 must be the subset fo(U) NR™. So if we think of ¥9; as an n-tuple of
smooth real functions defined on f;(V'), then the last n —m of these functions
are identically zero. The first m of these functions define a smooth map

Por 2 f1(V) = f2(V)
but this is exactly the transition function from (V7,g1) to (Va, g2). O
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Proposition 3.7. Let X be an n-dimensional manifold, and let Z C X be
an m-dimensional submanifold of X. Then Z is an m-dimensional topological
manifold, and it carries a smooth structure induced from the smooth structure
on X.

Proof. Let C denote the set of all charts on X which map Z to the standard
subspace R™ C R. By Lemma 3.4, for any point z € Z there is a chart in C
containing z. This induces a co-ordinate chart (V,g) on Z with codomain in
R™, and with z lying in V. This proves that Z is an m-dimensional topological
manifold.

If we pick any set of charts A C C whose domains cover Z, then the induced
set of charts on Z form an atlas. By Lemma 3.6 this atlas is smooth. The
resulting smooth structure is independent of our choices, because any two atlases
for Z produced by this method will be compatible with each other (by Lemma
3.6 again). O

Example 3.8. Recall the definition of real projective space RP™ from Example
2.30, with its atlas {(U;, fi),¢ € [0,n]}. The inclusion of the standard subspace
R™+L ¢ R**+! induces a well-defined map

RP™ — RP"

To:eiTm F> Toie Ty, :0:...:0

which is clearly an injection. Let’s show that the image of this map is a sub-
manifold in RP”.

Let Z C RP™ denote the image. At any point in Z at least one of zq, ..., Ty,
must be non-zero, so we must be in the domain of at least one of the co-
ordinate charts (Up, fo), ..., (Um, fm). For any of these charts we have U; = R™,
and f;(U; N Z) is precisely the standard subspace R™ C R™. So Z is indeed an
m-dimensional submanifold of RP".

By Proposition 3.7 we get an induced smooth structure on Z = RP™, by
considering co-ordinate charts on RP™ that make Z look like the standard affine
subspace and using them to induce co-ordinate charts on Z. We’ve just seen
that the charts (Ug, fo), ..., (Um, fm) are of this form, and the charts they induce
on Z are exactly the charts we used to define the smooth structure on RP™. So
this induced smooth structure is the same as the one we have already.

3.2 A short detour into real analysis

Before we can continue our study of submanifolds, we need to recall a few things
from real analysis.
Suppose we have a smooth function:

h=(hi,....,ht) : R* = RF

If we fix a point = (z1, ...,x,) € R", recall that the derivative of h at x is the

linear map
Dhl, : R" - R”

)

given by the k-by-n matrix

Oh,
Dh|, = <8x»
J
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of all partial derivatives of the components of h, evaluated at the point . This
is also known as the Jacobian of h (at the point x). This definition also makes
sense if h is only defined in some open neighbourhood of x.

We have the following fundamental result, which is usually proved in a first
course on multi-variable real analysis.

Theorem 3.9 (Inverse Function Theorem). Let U be an open subset of R™,
and let
F:U—>R"

be a smooth function. Let x € U be a point such that the derivative of F' at x
DF|,:R" - R"

is an isomorphism. Then there exists an open neighbourhood V- C U of x such
that the function
F:V—-FV) CcR"

is a diffeomorphism.

If we already know that our function F' is a smooth bijection, we can use
the Inverse Function Theorem to test if it’s a diffeomorphism:

Corollary 3.10. If F: U — W is a smooth bijection between two open subsets
of R™, and the derivative DF |, is an isomorphism for all points x € U, then
the inverse function F~1: W — U is also smooth.

Proof. This follows immediately. O

Example 3.11. In Example 3.3 we used the function:

F:Ryg x (—m,7) = R?\ {z < 0}
(r,0) — (rcos6,rsin)

This is evidently a smooth bijection, and Corollary 3.10 can be used to prove
that it is a diffeomorphism. Hence f = F~! is a chart on R? compatible with
the standard smooth structure.

3.3 Level sets in R"”

In this section we’re going to introduce a very general trick for producing sub-
manifolds of R”.
Let’s think again about our two subsets

Zy ={y —sinx =0} C R?
which is a submanifold (Example 3.1), and
Zy = {y —g(z) = 0} C R?

(where g is the function defined in Example 2.25), which is not a submanifold.
We also know that the subset

St={y’+2*=1} CR?
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is a submanifold (Example 3.3). All of these subsets are of the form
{h(z,y) = o}

for some function h : R?2 — R and some real number a € R. So we should ask:
when is such a subset in fact a submanifold?
More generally, if h is a function

h:R" — RF

and @ € R¥ when is the subset {h(z) = a} C R" a submanifold? This is an
important question, which we will explore in some detail.

The subsets {h(z) = a} C R™ are called the level sets of h. Firstly, note
that functions

hi(e,y) =y —sinz, and hy(z,y) =2* +y°
are both smooth functions from R? to R, whereas the function

ho(z,y) =y — g(z)

is not a smooth function (since g is not smooth). One might reasonably guess
that the level sets of h are submanifolds provided that h is a smooth function.
Unfortunately this is not enough, as the next example shows.

Example 3.12. Consider the smooth function:
h:R* >R
(z,y) = ay
For any a € R let’s denote the level set of h by
Zo = {h(2,y) = a} C R?

(see Figure 5).

If o # 0, then Z, is the set {(z,a/x);x € Ry}, it’s both branches of a
hyperbola. This a (1-dimensional) submanifold of R?: consider the co-ordinate
chart with

U=U={z#0} CR?

and:
f:U—>U
(z,y) = (z,y — a/x)
Note that this really is a co-ordinate chart (f is a diffeomorphism), and that:
f(ZoanU) ={(z,0)} CU

Since Z, is entirely contained in U, this demonstrates that Z, is a submanifold
for a # 0.
However, for a = 0, the level set

Zy={ry =0} ={z =0}t U{y =0}

consists of both co-ordinate axes. This certainly doesn’t look like a submanifold,
because of the ‘singularity’ at the point where the two axes cross. In fact one
can prove that Z; is not even a topological manifold.
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Figure 5: Level sets of h = xy.

So we need to find an additional condition to guarantee that a level set of h
is a submanifold. In fact we must also look at the derivative of h.

Definition 3.13. Let h : R* — R* be a smooth function. A point z € R" is
called a regular point of h iff the derivative

Dhl, : R" — R¥

of h at x is a surjection. If = is not a regular point of h then it’s called a critical
point.

Definition 3.14. A point « € R” is called a regular value of A iff every point
in the level set
hl(a) C R"

is a regular point of h. If « is not a regular value of h then it’s called a critical
value.

Notice that we can’t have any regular points unless k£ < n. Also note that

all these definitions work perfectly well if h is only defined on an open subset of
R™.

Example 3.15. Let h be the function h(z,y) = zy we considered in Example
3.12. If we fix a point (z,y) € R?, then the derivative of h at this point is the
1-by-2-matrix (or linear map R? — R):

Dhl(z,y) = (y7 1‘)

This is a surjection provided that at least one of = or y is not zero, so the origin
(z,y) = (0,0) is a critical point of h and all other points are regular points.
Hence the only critical value of h is @ = 0; if @ € R is not zero then it is a
regular value.
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Comparing this with Example 3.12, we see that the level sets Z, are sub-
manifolds provided that « is a regular value of h (i.e. for o # 0). However for
the critical value o = 0, the level set Z contains a critical point (0,0), and Z,
fails to be a submanifold near this point.

Here is the general result:

Proposition 3.16. Let h : R® — R* be a smooth function. If o € R is a
regular value of h then the level set

Zo=h"'(a) CR"
is a submanifold of R™, of dimension n — k.

If X is any n-dimensional manifold, and Z C X is an m-dimensional sub-
manifold, then the difference
n—m

is called the codimension of Z. So the proposition says that the level set Z, C R™
is a submanifold of codimension k (provided that « is a regular value). These
numbers should make intuitive sense: we start with a space having n degrees-
of-freedom, then we impose k equations, so we have n — k degrees-of-freedom
left.

The proof of Proposition 3.16 will follow easily from another corollary of the
Inverse Function Theorem, called the Implicit Function Theorem. For k < n,
let’s define the standard projection to be the linear map

7 :R" — R*
(xlv 7xn) = (xnle*la 7xn)

which projects onto the last k co-ordinates (so the kernel of 7 is the standard
subspace R"~* C R"). Since 7 is linear, for any point z € R" we have Dx|, = 7,
and since this is a surjection z is a regular point of 7. The Implicit Function
Theorem says that near a regular point any smooth function can be made to
look like the standard projection 7w, by choosing the right co-ordinates.

Theorem 3.17 (Implicit Function Theorem). Let U C R™ be an open subset,
and let
h:U — R*

be a smooth function, where k < n. Let z € U be a regular point of h. Then
there exists an open neighbourhood V- C U of z, a second open subset V. C R™,
and a diffeomorphism f :V %V, such that

hofl=nx:V >Rk
is the standard projection (restricted to f/)

Before we give the proof let’s look at what this is saying. Let’s write
(h1, ..., hy) for the components of h. Then we're looking for a diffeomorphism
f=(f1,- fn) such that m o f = h, so fr_k+; = h; for each ¢ < k. In other
words, we're looking for a co-ordinate system around z where hy, ..., hi are the
last k co-ordinates. The theorem says that if z is regular then this is always
possible.
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Proof. Let z1,...,z, be the standard co-ordinates on R™. The Jacobian Dh|, is
a k-by-n real matrix, and we’re assuming it has rank k. So the columns of this
matrix span R¥, and therefore some subset of the columns must form a basis
for R*. After re-ordering the co-ordinates z; if necessary, we may assume that
the last k£ columns form a basis, i.e. the k-by-k matrix

8h1 ahl
OTn k41 |, Oz |,
M = : :RF — RF (3.18)
8hk 6hk
an,k+1 o Oz, P

is invertible. Now consider the function:

f:U—>R"
T (T, ey Tk, P21 (), ...y A ()

The derivative of f at our point z is an n-by-n matrix of the form

Df|z:<ln*_k ](\)J)

where M is the matrix (3.18), and I,,_, is the identity matrix. Hence det Df|, =
det M which is non-zero by assumption. Applying the Inverse Function Theorem
(Theorem 3.9), we see that there is an open set V' C U containing z such that

the function
f:V—=f(V)CcR"

is a diffeomorphism. Then 7 o f = h by construction. O

Notice that this proof tells us exactly how to construct the required co-
ordinate system: for the last k co-ordinates we use hq, ..., hg, and for the first
n — k co-ordinates we use an appropriate subset of z;’s. Remember that we
can’t necessarily use x1, ..., T,_x because of the re-ordering step in the proof.

Now we can prove that level sets at regular values are always submanifolds.

Proof of Proposition 3.16. Pick a regular value a € R* of the function h : R® —
Rk, Pick any point z € Z,, so z is a regular point. By the Implicit Function
Theorem (Theorem 3.17) there is a chart f : V —=5 V around the point z in
which A is just the standard projection function 7 : R® — R¥ (restricted to V)
Then

f(ZanV)=Vnr Ya)

and 7~ !(a) is an affine subspace of R™ of dimension n — k. So the submanifold
condition holds at all points z € Z,. O

Example 3.19. Let’s prove that S™ is a submanifold of R™*!. Consider the

smooth function:
h:R" SR

hoi(xg, . @y) > 23+ .+ 22
The derivative of h at a point (zq, ..., x,) is the 1-by-(n + 1) matrix

(220, ..., 2x,) : R"Tt R
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which is a surjection if at least one of the x; is not zero. Hence the origin is
the only critical point of h, and 0 € R is the only critical value. For a > 0, the
level set Z, = h™!(a) is a n-dimensional sphere of radius y/a. So this sphere is
a codimension-1 submanifold of R"*1.

If @ < 0 then Z, = ¢ (the empty set), technically this is also a codimension-1
submanifold of R™, but it’s less interesting!

We can generalize slightly by considering level sets of functions which are
only defined in an open set of R™. Take an open set X C R", and consider a
smooth function

h:X —RF

(and recall from Example 2.13 that X is an n-dimensional manifold). Because
the proof of Proposition 3.16 was entirely local, it shows immediately that the
level sets

ht(a) C X

are submanifolds of X, provided that « is a regular value.
Example 3.20. Consider the smooth function:
r:R*\ (0,0) — R
(,y) = Va? +y?

Now let X be the open set

X ={(2,y.2); (z,y) # (0,0)} CR®
and let A be the smooth function:

h:X >R
(z,y,2) = (r = 2)* + 22

The derivative of h at (z,y, 2) is the 1-by-3 matrix:
(2z(r —2)/r, 2y(r —2)/r, 22) :R®* = R

This only fails to be a surjection if z = 0 and r = 2, meaning that the only
critical value of h is @« = 0. For any other value of «, the level set Z, is a
2-dimensional manifold.

If « lies in the interval (0,4) then Z, is the surface-of-revolution of the graph
drawn in Figure 6, so it’s a 2-dimensional torus.

Proposition 3.16 gives us an easy way to find new manifolds: just pick any
smooth function from R™ (or an open set in R™) to R* and then look at one
of the level sets Z,. Provided that « is a regular value, the level set Z, is
a submanifold of R™, and then by Proposition 3.7 Z, automatically gets the
structure of a manifold.

How can we find some charts on Z,7 In Section 3.1 we discussed how to
get charts on a general submanifold: we have to find a chart on the ambient
manifold which maps the submanifold to the standard affine subspace. In the
case of level sets in R™ this is easy, because the Implicit Function Theorem tells
us an explicit way to do it.
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Figure 6: Level set of (r —2)? + 22.

Example 3.21. Let’s consider the submanifold S™ = h=1(1) C R"*!, where h
is the function from Example 3.19, and let’s find some charts on S™ by inducing
them from charts on R**!. In Example 3.5 we did this in an ad hoc way for the
case n = 1, now let’s do it in a systematic way for all n by following the proof
of the Implicit Function Theorem.

Let’s start by finding a chart on S™ which includes the point z = (0, ...,0,1).
The derivative of h at this point z is the matrix (0, ...,2), and the final entry
spans the 1-dimensional vector space R. So if we set

f=(x0,.yTn_1,h) : R*TH 5 R7FL

then det(Df)|, is not zero, and hence f must be a diffeomorphism on some
open neighbourhood of z. In fact we can use the neighbourhood U = {z,, > 0};
it’s clear that f is injective on U, and det(Df) = 2z, is never zero in this set,
so Corollary 3.10 applies. Hence (U, f) is a chart on R™*1.

This chart maps S™ to the affine subspace {Z,, = 1}, but we can just compose
it with the obvious translation 7 to get a new chart (U, 7o f) which maps S™ to
the standard subspace R” ¢ R™*!. Then we get our induced chart on S, its
domain is V' = S™ N {x,, > 0}, and the co-ordinates are simply:

g:V—=>R"

(20, ooy @n) > (T0yeery Tp1)

The codomain V of this chart is the open unit ball.

We could repeat this procedure with the obvious variations, and we end
up with an atlas for S™ with 2(n + 1) charts, having domains {£z; > 0} N S™.
There is no need to check if this atlas is smooth because it follows automatically
from Lemma 3.6. In the case n = 1, Lemma 3.6 also tells us that this atlas is
compatible with the ‘polar co-ordinates’ atlas from Example 3.5.

However we should verify that this atlas is compatible with the stereographic
projection atlas from Example 2.5, so they both define the same smooth struc-
ture. This is a simple exercise in computing transition functions.

Example 3.22. Let h be the function h(x,y,z) = (r — 2)? + 22 from Example
3.20, defined on the open set X = {(z,y) # (0,0)} C R3. Let Z be the level set
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Z = h~Y(1). We saw that this was a submanifold, so let’s find some charts on
it.
First consider the function

fi=(z,y,h—1):R®> - R3

(note that we're using h — 1 instead of h, i.e. we’ve done the translation step
already). Then det(Df1) = 0,h = 2z. It’s clear that f; is an injection on the
set Uy = {z > 0}, so it is a diffeomorphism on that subset. Hence (Uy, f1) is a
chart on X, and it maps Z to the standard subspace R? C R3. The induced
chart on Z is

g1ZV1=Zﬂ{Z>0} — R?
(z,y,2) = (z,9)

and this chart has codomain the open annulus V; = {I1<r<3}.

Intuitively, critical points and critical values are rather rare. If we pick
a point x € R™ ‘at random’, then it is vanishingly unlikely that the derivative
Dh|,, is not surjective, since ‘almost all’ k-by-n matrices are surjective (provided
that k& < mn). This suggests that ‘almost all’ level sets of a smooth function are
submanifolds. This intuition is correct, and can be turned into a result known
as Sard’s Theorem. However it would take us on a significant detour to even
state this result precisely.
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4 Smooth functions

4.1 Definition of a smooth function

Suppose we have a manifold X, and a function:
h:X—>R

If X = R"™, or an open set in R”, then know what it means to say that h is a
smooth function. If X is an arbitrary manifold, how should we decide if h is
‘smooth’ or not?

The answer is that we should ‘look at h in co-ordinates’. If we pick a co-
ordinate chart 3

f:U=SUCR”
on X then we can consider the function
h=hof™ ' :U—=R

We should think of & as the function h written in this choice of co-ordinates. If
h is a smooth function, then we should declare that A is also smooth, at least
within the open set U C X. If we want to be more specific then we can choose
a particular point x € U, and declare that h is smooth at x iff the function h is
smooth at the point f(z).

However, there might be a problem with this definition: it might depend on
which co-ordinates we chose. Let’s check that it doesn’t. Suppose that (Uy, f1)
and (U, f2) are two co-ordinate charts on X, both containing the point . Then
the functions

hi=hofi' and  hy=nhof;!

are related by the transition function ¢1o between the two charts:
712 = ill o P12

(note that this equality only makes sense on the open set fo(U; NUsz) C Us
where both sides are defined). Since ¢ is a diffeomorphism, the function hgy is
smooth at the point fy(x) iff the function hy is smooth at the point f;(z).

So if h looks smooth (at x) in one co-ordinate chart, then it will look smooth
(at ) in any co-ordinate chart. Let’s record this definition formally:

Definition 4.1. Let X be a manifold, let
h:X—R

be a function, and let = be a point in X. We say that h is smooth at z iff, for

any co-ordinate chart .
f:U—=UCR"

with x € U, the function }
hof 1:U—=R

is smooth at the point f(x). We say that h is smooth everywhere, or simply
smooth, iff h is smooth at all points x € X.
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Notice that h is smooth everywhere iff, for any co-ordinate chart (U, f), the
function h o f~! is smooth. However if want to check if h is smooth we don’t
need to check every co-ordinate chart, it’s enough to pick an atlas {(U;, f;)} for
X, and verify that each function ho fi_1 is smooth. Also notice that if X = R",
or an open set in R™ (with the standard smooth structure), it’s clear that this
definition of a smooth function agrees with the ordinary definition.

Example 4.2. Let X = S' = {2 + y*> =1} C R?, and let:

h:S' >R
(z,y) = 2

Let’s verify that h is a smooth function. In Example 3.21 we constructed a
convenient atlas on S?, with four charts. The first chart has domain U; =
St n{y > 0}, codomain U; = (—1,1) C R, and co-ordinates fi : (z,y) — x. In
this chart the function h becomes

hi=hofi':(~-1,1) =R
T — x?

which is smooth at all points. The second chart has domain U = S* N {z > 0},
codomain Uy = (—1,1) again, and co-ordinates fs : (x,y) ~ y. Since f, * sends
y to (/1 —y?,y), we see that in this chart h becomes

ﬁg:y»—>1—y2

which is also smooth at all points. The remaining two charts (which have
domains S N {y < 0} and S' N {z < 0}) are similar.

Evidently we could replace h with any other smooth function of x and y in
this example, and it would again define a smooth function on S*.

It’s obvious how to generalize Definition 4.1 to get a definition of when a
function
h:X —RF

is smooth. But why stop there? What we really need is a definition of a smooth
function between any two manifolds.
Suppose X is a manifold of dimension n, and Y is a manifold of dimension
k, and we have a function:
H: XY

How should we decide if H is ‘smooth’ or not? Or more specifically, if we pick
a point x € X, how should we decide if H is ’smooth’ at this point?
Again, we need to look at H in co-ordinates. So, pick a co-ordinate chart on
X ~
f:USUCR?
with « € U, and pick a co-ordinate chart on Y
g: V=5V CRF

with H(z) € V. To study the function H in co-ordinates (near the point z) we
should look at the composition

goHof™ .UV
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(note that we need to assume that H(U) is contained in V' for this to be defined).
This is a function between an open set in R” and an open set in R¥, so it makes
sense to ask if it is a smooth function.

Definition 4.3. Let X and Y be two manifolds, of dimension n and k, and let
H: X—->Y

be a continuous function. Fix a point z € X. We say that H is smooth at z iff
there exists a chart (U, f) on X containing z, and a chart (V, g) on Y containing
all of H(U), and the function

goHoffl:ﬁ%V

is smooth at the point f(z).
We say that H is smooth everywhere, or just smooth, iff H is smooth
at « for every point z € X.

A smooth function is automatically continuous (exercise). Conversely, if
you assume that H is continuous then finding charts such that H({U) C V
is easy: just pick any chart (U’, f’) on X, and any chart (V,g) on Y. Then
U= H"YV)NU’is an open set in U (since H is continuous), and restricting
/' to this open subset gives a smaller chart with the required property.

If we set Y = R then it’s easy to check that this definition agrees with Defi-
nition 4.1. Recall that in that case we observed that if a function ‘looks smooth
in one co-ordinate chart’ then it ‘looks smooth in all co-ordinate charts’. This is
still true for our more general definition of a smooth function. Suppose (U, f1)
and (Us, f3) are two co-ordinate charts on X, and let ¢o; be the transition func-
tion between them. Now let (V1, g1) and (Va, g2) be two co-ordinate charts on Y,
and let 191 be the transition function between them. Assume that H(U;) C V4
and H(Us) C Va. Then we have an equality of functions

QQOHOfgl:wQIO(QIOHoffl)Oqle (4.4)

(on the open subset in U, where both sides are defined). Since all the transition
functions are diffeomorphisms, the function g; 0 H o f ! will be smooth iff the
function g o H o f; ' is smooth.

Example 4.5. Let X = T! (from Example 2.11) and Y = S! and

H:T"— s
[t] — (cos27t, sin 27t)

(note that this is well-defined). Let’s show that H is smooth.

Start with the chart on 7! having domain U’ = T \ [0], codomain U’ =
(0,1) C R, and co-ordinates f = ¢~ : U’ 5 U’. Now take a chart on S' with
domain V = S'N{y > 0}, codomain V = (—1,1), and co-ordinates g : (z,y) — z
(as in Example 3.21). We have

HU') = 5"\ (1,0)

which is not contained in V', but we can shrink the chart (U’ f) to correct this:

just set U = (0, 1) and U = ¢(U), and restrict f to U. Then in these charts H
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becomes:

H=goHof':(0,1) = (-1,1)

’2
t +— cos 27t
This is smooth, which shows that H is smooth at all points in U. We could

check that H is smooth at the remaining points by using variations on these
charts.

The next result should not be surprising.

Lemma 4.6. Let X,Y and Z be three manifolds, and let
H: X->Y and G:Y—~Z

be smooth functions. Then G o H is smooth.

Proof. Fix a point € X. Now pick a co-ordinate chart (U, f) on X containing
the point x, a co-ordinate chart (V,g) on Y containing the point H(x), and a
co-ordinate chart (W, h) on Z containing the point G(H (x)). Since H is smooth,
the function go H o f~! is a smooth function, defined on some open neighbour-
hood of the point f(z) € R™ (where n is the dimension of X). Similarly since G
is smooth, the function h o G o g~ is a smooth function, defined on some open
neighbourhood of the point g(H(z)) € R* (where k is the dimension of V). To
prove that G o H is smooth at x, we need to know that the function

]”1,oGo}Iof_1

is smooth at the point f(z). But in a sufficiently small open neighbourhood of
f(x) we can factor this function as

hOGOHOf_1 = (hOGOg_l)o(goHof_l)
and both factors are smooth. O

If you know what a category is, then this shows that there is a category
whose objects are manifolds and whose arrows are smooth functions.

Lemma 4.7. Let Z be a submanifold of X, and let
t:2Z =X

be the inclusion function. Then v is smooth.
Proof. Exercise. ]

Soif H : X — Y issmooth, and Z C X is a submanifold, then the restriction
H|z:Z —Y is automatically smooth (just combine Lemmas 4.7 and 4.6). For
example, any smooth function h : R? — R restricts to give a smooth function
h: 8! = R, as we checked explicitly in Example 4.2.

Here is a another result that is often useful for proving that a function is
smooth:

Lemma 4.8. Let H : X — Y be a smooth function between two manifolds, and
let Z CY be a submanifold of Y. Suppose that the image of H is contained in
Z. Then H defines a smooth function from X to Z.
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Proof. Exercise. O

Example 4.9. Let’s do Example 4.5 again using the previous result. Define a
function:

H:T' - R?
[t] = (cos 27t, sin 27rt)
We can check that H is smooth by looking at it in charts on T, then by Lemma

4.8 we know that H defines a smooth function H : T — S (we don’t need to
use explicit charts on S*).

4.2 The rank of a smooth function

We now begin to think about an extremely important concept: the derivative
of a smooth function. It will take us a long time to really get to grips with this
idea.

Suppose we have smooth functions

F:R" - RF and G:RF 5 R™

and we form their composition G o F' : R® — R™. If we pick a point =z € R"
then the derivative of G o F' at x is a linear map

D(GoF)|, : R" - R™
and you should recall that the formula
D(G o F)|y = DG|p) o DF|,

holds. This is nothing but the chain rule for functions of more than one variable.
Of course the formula still holds if F' is only defined in some open neighbourhood
of z, and G is only defined in some open neighbourhood of F(x).

In particular, if n = k =m, and G = F~!, we get that

D(F™Y)|p() = (DFl2)™"

since the derivative of the identity function R” — R™ at any point is the identity
linear map. So if F' is a diffeomorphism then the derivative of F' is an isomor-
phism at all points. This is the (much easier!) converse to the Inverse Function
Theorem.

Now suppose we have two manifolds X and Y, of dimensions n and k re-
spectively, and we have a smooth function:

F:X—=Y

Fix a point x € X. Let’s write F in co-ordinates near the point z, so we pick a
co-ordinate chart (Uy, f1) on X containing the point z, and a co-ordinate chart
(V1,91) on Y containing the point F'(z), and we consider the function:

FlzgloFofl_l
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This is defined in some open neighbourhood of the point fi(z) € R™, and it
lands in R*. This means we can take the derivative of this function at the point
fi(x), it is some linear map:

DFi|f,(a) : R" — RF

What happens if we change co-ordinates? If we pick new charts (Us, f3) (con-
taining ) and (Va, f2) (containing F'(z)), then our function becomes:

Fg:ggoFofz_l

(which is is defined on some open neighbourhood of fa(x) € R™). The derivative
of Fy at the point fo(x) is also a linear map:

DFEfy(z) : R — RF

How are the two linear maps Dﬁl\fl(w) and Dﬁg\ﬁ(w) related to each other?

We've already observed (4.4) that the functions F; and F, are related by
the equation . .
F2 :’l/ngoFl O¢12 (410)

where ¢19 is the transition function between Uy and Uy, and 1)o7 is the transi-
tion function between V; and V5 (we might have to restrict to a smaller open
neighbourhood of f2(z) before this equation makes sense).

Now take the derivative of the equation (4.10) at the point fa(x). By the
chain rule, we have:

DEy|f,(x) = D¥ba1lg, (F(a)) © DF1|f(2) © D12l () (4.11)

So the linear maps DF1|f1(g;) and DF2|f2(£) are not the same, but they are
related by this formula. Now we can make an important observation: the linear
maps Dia1|g, (H(z)) and Déials, () are isomorphisms, because the transition

functions are diffeomorphisms. Therefore, the rank of DF2| fo(z) must be the

same as the rank of DF |y, ().
This means we can make the following definition:

Definition 4.12. Let X and Y be manifolds (of dimensions n and k respec-
tively) and let F: X — Y be a smooth function. Fix a point € X. Now pick
a co-ordinate chart (U, f) containing x and a co-ordinate chart (V, g) containing
F(U), and consider the function:

F=goFof:U—V
We define the rank of F' at x to be the rank of the derivative
DF|j(4) : R" —» RF
of F at f(x).

This makes sense because of the formula (4.11); it doesn’t matter which
co-ordinate charts we choose, the rank of DF| #(z) Will always be the same.
Now we can generalize Definitions 3.13 and 3.14.
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Definition 4.13. Let F': X — Y be a smooth function between two manifolds,
of dimensions n and k respectively. We say that a point x € X is a regular
point of F if the rank of F' at z is equal to k. If x is not a regular point then
we call it a critical point.

We say that a point y € Y is a regular value of F if every point x € F~1(y)
is a regular point. If y is not a regular value then we call it a critical value.

So z is a regular point of F' iff the derivative
DF|j(4) : R" —» RF

is a surjection, where F' is F written in any co-ordinate charts. In other words
x is a regular point of F iff f(x) is a regular point of F, for any choice of co-
ordinates. Clearly if we set X to be an open set in R", and Y to be R¥, then
we recover our previous definitions.

We can also generalize Proposition 3.16 fairly easily:

Proposition 4.14. Let F : X — Y be a smooth function between two manifolds,
of dimensions n and k respectively. Let y € Y be a regular value of F'. Then

the level set
Zy=F 'y cX

is a submanifold of X of codimension k.

Proof. Pick a point x € Z,, a co-ordinate chart (U, f) containing z, and a
co-ordinate chart (V, g) containing F(U), and consider the function:

F=goFoft:U—V

Note that the level set F~1(g(y)) is just f(Z,NU). Since y is a regular value of
F, the point « must be a regular point of F; which means that f(x) is a regular
point of F. Now we can apply the Implicit Function Theorem and conclude
that there is a chart (W, h) on R, with f(z) € W C U, such that:

WE N g(y) =R *NW

Then we can use the co-ordinate chart (f~1(W), ho f) on X to demonstate that
Z, satisfies the submanifold condition at the point . O

Example 4.15. Consider the 2-sphere
52 = {(x,y,z); 2?2+ P 422 = 1} CR?
and let F': S? — R be the function:
F:(z,y,2)—cz

We have a chart on S? with domain U; = S? N {z > 0} and co-ordinates f; :
(z,y,2) — (z,y), and in this chart F' becomes:

Fy:B(0,1) - R
(z,y) =
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Then DFy = (1,0) at all points, so the rank of F'is 1 at all points in U. Similarly,
it’s easy to see that the rank of F' is 1 at any point where z < 0, or any point
where y # 0.

Now let’s switch to the chart with domain Uy = S?N{z > 0} and co-ordinates
fa:(z,y,2) = (y,2). In this chart F becomes

Fy:B(0,1) > R
(y,2) = V1 —y? =22

and this has derivative:

DF2‘(y,z) = %

1—-y?—=z2
This has rank 1 if (y,z) # (0,0) (this had to be true from our calculations in
other charts), but it has rank zero at (0,0). So F has rank zero at the point
(1,0,0). A similar calculation shows that F also has rank zero at the point
(-1,0,0).

So the only critical points of F are (%1, 0,0), and thus the only critical values
of Fare a =1and a = —1. If |a| < 1 then the level set F~!(a) is a circle, the
intersection of the 2-sphere with the plane {z = a}. Proposition 4.14 says that
this is a 1-dimensional submanifold of S2.

If |a| > 1 then the level set F~1(a) is empty. At the critical values o = +1
the level set consists of a single point, this is evidently not a 1-dimensional
submanifold.

4.3 Some special kinds of smooth functions

We can use our definition of rank to single out some particularly important
kinds of smooth functions.

Definition 4.16. A smooth function F': X — Y is called a submersion if the
rank of F' at any point is equal to the dimension of Y.

So F' is a submersion iff the derivative at any point (in any co-ordinates) is
a surjection, i.e. a submersion is exactly a smooth function that has no critical
points. There is a dual notion to this:

Definition 4.17. A smooth function F : X — Y is called an immersion if
the rank of F' at any point x € X is equal to the dimension of X.

In other words, F' is an immersion iff the derivative at any point (in any
co-ordinates) is an injection.

Recall from Lemma 4.7 that the inclusion ¢ : Z < X of a submanifold is a
smooth function.

Lemma 4.18. Let Z C X be a submanifold of X. Then the inclusion map
L Z — X is an itmmersion.

Proof. Exercise. O
This is the typical example of an immersion, however not every immersion

is of this form.
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Example 4.19. Let X =R and Y = R?, and let:
F:R—R?
tes (12,13 —t)

We can take the trivial co-ordinate charts on X and Y. The derivative of F at
the point ¢ € R is the linear map

DF|, = (2t,3t> —=1) : R — R?

which is an injection for every t. Hence F'is an immersion. The image of F is not
a submanifold, the problem occurs at the ‘intersection point’ at (1,0) = F(£1)
(see Figure 7).

Figure 7: The image of an immersion need not be a submanifold.

One might hope that if I’ is an injective immersion then the image of F
must be a submanifold, but this is not true either! For a counter-example, just
restrict the function F from Example 4.19 to the open interval (—oo,1) C R.

The following easy observation sometimes gives a convenient way of com-
puting the rank of a smooth function.

Lemma 4.20. Let F': X — Z be any smooth function and let G : Z —'Y be
an immersion. Pick any point x € X. Then the rank of G o F' at x is the same
as the rank of F at x.

Proof. Exercise. O

In particular, suppose Z is a submanifold of Y and F : X — Z is a smooth
function. Then it doesn’t matter whether we view F' as a function to Z, or as
a function to Y that happens to land in Z; the rank is the same.

40



Example 4.21. In Example 4.5, and again in Example 4.9, we proved that the
function
H:T"— 8
[t] — (cos2mt,sin 27t) (4.22)

was smooth. Let’s compute the rank of H at all points.
In Example 4.5 we saw that there are charts (U, f) on T! and (V,g) on S*
in which H becomes:
H=goHo f': (07%) - (=1,1)
t — cos 27t

Then Dﬁ[\t = 2msin 2xt. This is never zero (in this domain), so H has rank 1
at all points in U. We can use other charts to check that in fact H has rank 1
at all points in 7.

Alternatively, we can compose H with the inclusion ¢ : S' < R? to get a
function H =: T' — R? (as in Example 4.9). Then Lemma 4.20 guarantees
that the ranks of H and H are the same at all points, so let’s compute the rank
of H instead. This is slightly easier, since we don’t need to pick charts on S*.

If we pick any open set U C R on which the quotient map ¢ : R — T is
an injection then we get a chart on T" with domain U = ¢(U) and co-ordinates

¢! (see problem sheets). If we write H in this chart it becomes a function

Ho q:U — R?
defined by the same formula (4.22). This has derivative:
D(H o q)|; = 2r(— sin 2t cos 2nt) : R? — R

This is never the zero matrix, so it has rank 1 at any ¢. Hence H has rank 1 at
all points.

Our final class of smooth functions is perhaps the most important:

Definition 4.23. Let X and Y are two smooth manifolds. A function
F: X =Y

is called a diffeomorphism if F' is smooth, bijective, and the inverse function
F~1is also smooth. If there exists a diffecomorphism between X and Y then we
say that X and Y are diffeomorphic.

If two manifolds are diffeomorphic then they are exactly the same, for all
practical purposes (it may help to think of ‘diffeomorphic’ as another word for
‘isomorphic’). Note that if X and Y are just open subsets of R™ then this
reduces to our previous definition of ‘diffeomorphism’.

Suppose F' : X — Y is a diffeomorphism, and we want to look at in co-
ordinates. So we pick a chart (U, f) on X, and a chart (V, g) on Y containing all
of F(U). But then F(U) is an open subset of V (since F is a homeomorphism),
so we can shrink V to this open set and get a smaller chart on on Y. In these
co-ordinates, F' becomes a diffeomorphism:

F=goFof .UV
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This implies that the derivative of F at any point must be an isomorphism, so F'
is both a submersion and an immersion. In particular, diffeomorphic manifolds
must have the same dimension, which is reassuring.

We can extend Corollary 3.10 to the following criterion for testing if a func-
tion is a diffeomorphism:

Lemma 4.24. Let X and Y be n-dimensional manifolds, and let
F:X—=>Y

be a smooth bijection. If the rank of F' is n at every point then F is a diffeo-
morphism.

Proof. We just need to show that the inverse function F~! is smooth. Fix a
point y € Y, let x = F~1(y), and choose co-ordinate charts (U, f) containing
and (V, g) containing F(U). Consider the function F = go F o f~'. Since the
rank of F' is n at the point F(y), the derivative

DF|() : R" - R"

is an isomorphism. By the Inverse Function Theorem, there is some open neigh-
bourhood of g(y) on which the function F=! is smooth. This proves that F~1
is smooth at y. 0

Example 4.25. Recall from Example 4.21 that we have a smooth function

H:T'—S'
[t] — (cos27t,sin 27t)

whose rank is 1 at all points. This H is obviously a bijection, it must be a diffeo-
morphism. Hence these two versions of the circle, T' and S!, are diffeomorphic
manifolds.

We leave our third version of the circle, RP!, as an exercise.

Example 4.26. Recall from Example 2.25 that we can find a ‘non-standard’
atlas C on the topological manifold R which is not compatible with the stan-
dard atlas A. However, the two smooth manifolds (R,[A]) and (R,[C]) are
diffeomorphic (exercise).

This leaves an interesting question: does there exist any smooth atlas D on
R™ such that the resulting smooth manifold (R™,[D]) is not diffeomorphic to
the standard R™? This question was comprehensively answered in the 1980s,
and the answer is one of the most astonishing results in all of mathematics.
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5 Tangent spaces

If we have open sets U C R™ and V C R™ and a smooth function F' : U — V,
we know that we can define the derivative of F' at any point z € U, and this is
a linear map:

DF|; :R" - R™

If we replace U and V' by arbitrary manifolds X and Y, then we don’t yet know
how to generalize this definition. We saw in the last section that it’s possible to
define the rank of the derivative of F' at a point in X, but this is just a number.
The aim of this section is to upgrade this number to a linear map.

We will show that to any point z in a manifold X there’s an associated
vector space, called the tangent space to X at z, and denoted T, X. Then we’ll
show that if we have smooth map F': X — Y then we can define the derivative
of F at x, and it’s a linear map:

DF|, : T, X = Tp(Y

In fact defining tangent spaces is the hard part, the fact that we can define
DF|, will follow almost automatically.

5.1 Tangent vectors via curves

Roughly, a tangent vector to a point x in a manifold is a direction that you can
go in from z. There are several ways to make this precise, the most intuitively
appealing way is via equivalence classes of curves. We start by explaining how
this works for the simplest kind of manifolds, namely open sets in R™.

Fix an open set U C R”, and pick a point Z € U. Let’s declare that a curve
through ¥ is a smooth function

0= (01,.y00): (—€,€) = U

with o(0) = &, where here € is some positive real number and (—e,e) C R is the
corresponding open interval. This is indeed a smooth parametrized curve in U,
passing through the point . Note that we really mean the function ¢ and not
just its image in U (which would be an unparametrized curve).

The derivative of o at the point 0 € R is a linear map:

Do|p: R - R"”
given by the n-by-1-matrix:
DU'O = (01(0)7 70-1’L(O))T

We're going to think of Doy as a column vector in R™ rather than as a matrix (or
if you prefer, we’re going to write Doy when we mean Dolg(1)). Of course, this
is just the tangent vector to ¢ when it hits the point z. It’s the ‘direction’ that
o is travelling when it passes through Z, or more accurately it’s the ‘velocity’ of
o, since we don’t forget the length of Dolp.

Now suppose that we have two curves through z:

o:(—€1,61) = U

T:(—€g,€2) — U
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Let’s declare that o and 7 are tangent at Z iff they have the same tangent vector
at this point, so Do|g = D7l|g. This is restrictive use of the word ‘tangent’,
since we're requiring that the the tangent vectors are actually equal and not
just proportional. For example if 7 was a reparametrization of o, then under
our definition it probably wouldn’t be tangent to o at z.

Obviously being tangent at & is an equivalence relation on curves through
Z, and by definition we have a well-defined function

A : {curves through Z} /(tangency at £) — R"

sending each equivalence class [o] to its tangent vector Doly. By definition this
function A is an injection. It’s also a surjection, this is because for any vector
v € R™ we can consider a straight line

oy, :R—R"
ts @+t (5.1)
and if € is small enough this defines a function:
oy (—€,€) > U

This is a curve through #, and obviously A(o,) = v. So A is a bijection of sets.

Now we want to generalize this to other manifolds. Let X be an n-dimensional
manifold, and pick a point z € X.

Definition 5.2. A curve through z is a smooth function
o:(—€e) =X
with 0(0) = x, where € is any positive real number.

We want to find a definition of when two curves through x are tangent to
each other. As usual, we need to look at our curves in co-ordinates.

Suppose we have a curve o through a point z € X, and we pick a chart
(U, f) around the point 2. Then in these co-ordinates o becomes a curve

cg=foo

in U, through the point f(z) (we might have to shrink e to ensure that the
image of ¢ lies within U). This curve has an associated tangent vector:

D&lo e R"”

However, this vector in R™ is not independent of our co-ordinates, it will change
when we change charts. If (Uy, f1) and (Us, f2) are two charts around z, and
we write o in both sets of co-ordinates (possibly after shrinking € to make sure
that o lands in Uy N Uy), the answers are related by the equation

02 = (21 001

where ¢o1 is the transition function between the two charts. If we use our first
chart, the tangent vector to o would be the vector Dd1|o € R™, and if we use
our second chart, it would be Dé&s|g. By the chain rule, we have that

Dé3lo = Déarly, () (Dd1lo) (5.3)
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so these two vectors are related by the invertible linear map:
D¢21|f1(:c) R" — R™

So given a single curve o, it makes no sense to ask what the tangent vector to
o is (as a vector in R™ at least) because the answer depends on your choice of
chart. However, if you have two curves ¢ and 7, through the same point z € X,
it does make sense to ask if they have the same tangent vector.

Let’s check this. Choose a chart (U, f1) around z, and write both curves in
this chart, so we get curves &, and 7; through the point fi(x) € U;. Now pick
a second chart (Us, f2) and again write both curves in co-ordinates, so we get
curves G5 and 7, through the point fo(x) € Uy. Then (5.3) implies that

D&1|O:D7~—1|0 — D(}2|0:D7~'2|0

i.e. the curves &1 and 71 are tangent at fi(z) if and only if the curves &2 and
To are tangent at fo(z). So we may make the following definition:

Definition 5.4. Fix a point = in a manifold X. We say that two curves o, 7
through x are tangent at x iff for any co-ordinate chart (U, f) containing x,
we have:

D(foa)lo=D(for)l

As we have shown, if this holds in one chart then it holds in all charts.
Obviously ‘being tangent at =’ is an equivalence relation on the set of all curves
through x.

Definition 5.5 (‘Geometer’s definition’). Fix a point x in a manifold X. A
tangent vector to x is an equivalence class of curves through z. We denote
the set of all tangent vectors to x by

T, X = {curves through z} /(tangency at x)

and call it the tangent space to X at x.

If we fix a chart (U, f) around x then we can identify the tangent space T, X
with R™, because given a curve through x we can write in co-ordinates and then
look at its tangent vector at f(x). This defines a function:

As:T, X — R” (5.6)
[o] = D(f o0)lo

By the definition of T, X, this function Ay is well-defined, and an injection. It’s
also a surjection, because given any v € R™ we have a ‘straight-line’ curve

Gy (—€e) > U
t— f(x)+ ot
(for small-enough ¢) as in (5.1), and then o, = f~! 05, is a curve through z
such that Af(o,) = v. Hence Ay is a bijection of sets.
However, this identification of T, X with R™ does depend on our choice of

chart. If (Uy, f1) and (Uz, f2) are two charts containing z, then we get two
different bjiections:

Ap i T,X =5R"  and  Ap :T.X =5 R?
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By (5.3), these two bijections are related by the equation

Afz = D¢21|f1(56) o Af1 (57)

where ¢1 is the transition function between our two charts.

If we had some canonical bijection between T, X to R™ (i.e. without making
any choices) then obviously T, X would have the structure of an n-dimensional
vector space. But we don’t have a canonical bijection, instead we have one
bijection Ay for each choice of chart around z, and there is no way to single out
any special one. Nevertheless, this is enough to define a vector space structure
on T, X.

Proposition 5.8. If x is a point in an n-dimensional manifold X, then the
tangent space T, X is an n-dimensional vector space.

Proof. Pick a co-ordinate chart (U, f) containing x, so we get a bijection Ay
between T, X and R™ as in (5.6). We can use this bijection to put a vector space
structure on T, X, i.e. we can define an addition operation

[o] + [7] = A7 (Af(0) + Ag (7))
and a scalar multiplication
Mo] = A;l()\Af(O'))

and these are guaranteed to satisfy the vector space axioms. We claim that this
vector space structure on 7, X is independent of our choice of chart.

To see this, pick two charts (U, f1) and (Us, f2) around z, and let ¢2; be the
transition function. We get two bijections Ay, and Ay, , related by the derivative
of the transition function (5.7). Since D¢oy | is a linear isomorphism, it follows
formally that the values of [o] + [7] and A[o] are independent of whether we use
Afl or Af2 . O]

So we have achieved our first aim for this section, namely to any point « in
a manifold X we have attached a vector space T, X. If we choose a chart (U, f)
around x then we get a bijection

Ap:T,X =5 R"

and this is a linear isomorphism (by definition). But if we have two different
charts then we get two different isomorphisms of 7, X with R"”, related by the
equation (5.7).

Now we move on to our second aim: defining the derivative of a smooth
function between two manifolds.
Firstly, suppose that U and V are open sets in R” and R™ respectively, and
that F' is a smooth function:
F:U—-V

Pick a point Z € U and let §j = F(Z). If we have a curve o through Z, then the
composition F oo is a curve through ¢ (since the composition of two smooth
functions is smooth). Furthermore, using the chain rule again tells us that:

D(FOU)|0 :DF|§(DU‘0) (59)
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In particular, the tangent vector to the curve F'oo only depends on the tangent
vector to 0. So we have a well-defined function:

{curves through z} {curves through ¢}

(tangency at &) (tangency at §)
[0] = [Fo 0]

We can identify the domain of this function with R”, and its codomain with
R™_ by sending curves to their tangent vectors. Then this function is just the
derivative DF|z.

Now we can generalize this to any smooth function between manifolds.

Proposition 5.10. Let X and Y be manifolds of dimensions n and m, and let
F: X =Y be a smooth function. Fiz a point x € X, and let y = F(x). Then
we have a well-defined function

DF|, : T, X — T,Y
[0] = [Foo]
and DF |, is linear.
We call this linear map the derivative of F' at x.

Proof. Pick a chart (U, f) on X containing z, and a chart (V, g) on Y containing
y. In these charts, F' becomes the function:

F=goFof':U—V

Now choose a curve o through z. Using our chart, this becomes a curve 6 = foo
through the point & = f(x) € U, and its associated tangent vector is:

Af(O’) :D5'|() eR"

Now form the composition F' oo, this is a curve through the point y € Y. Using
our chart on Y, it becomes a curve

go(Foo)=Fod
through the point § = g(y) € V. The tangent vector associated to this curve is
Ay(Foo)=D(Fog)p € R™
which by the chain rule (5.9) is equal to:
DF|3(Ddlo) = DF|z(A(0))

So the tangent vector Ay(F o o) only depends on the tangent vector As(o).
This means that the equivalence class of the curve F oo in the space T,Y only
depends on the equivalence class of the curve ¢ in the space T,X, and thus
we have a well-defined function DF|, : T,X — T,Y that sends [0] — [F o g].

Furthermore the square

n,x 2 1y

A’i JAH (5.11)
R™

R DF|z
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commutes, i.e. ~
DF|, = A" o DF|z 0 Ag

and therefore DF|, is a linear map, since it’s the composition of three linear
maps. O

So now we have a way to talk about the derivative of a smooth map ab-
stractly, without reference to any co-ordinate charts. If we do decide to pick
co-ordinates, it reduces the ordinary notion of the derivative of a smooth map,
via the square (5.11).

In particular, it’s immediate that the rank of F at z (Definition 4.12) is
exactly the rank of the linear map DF|,. So we could restate our definitions
of submersions, immersions, critical points, etc. just in terms of this abstract
linear map, without ever picking charts.

5.2 Tangent spaces to submanifolds

If we have a submanifold Z of R™, and we choose a point z € Z, then we have
an intuitive idea of what it means for a vector v € R™ to be ‘tangent’ to Z at
the point z. This means that for submanifolds of R™ there should be a much
more elementary definition of the tangent space T Z, it should be the subspace
of R™ consisting of vectors that are tangent to Z at z. Let’s show that our fancy
definition agrees with this more elementary definition, in this special case.

The manifold R™ is very special in that for any point z € R", the tangent
space T,R™ can be canonically identified with R™, via the map [o] — Dolo.
Another way to say this is to observe that on any manifold X we can identify
any tangent space T, X with R™ once we've chosen a chart around z, but if
X = R™ then there is a canonical choice of co-ordinates, namely the identity
function. So for a point in R™ there is no harm in thinking of the tangent space
as being literally the vector space R".

Now let Z C R™ be a submanifold, and pick a point z € Z. If we have a
curve o in Z through the point z, then we can think of o as curve in R” (through
z). More formally, if ¢ : Z < R™ is the inclusion map, we can replace o by too.
We saw above that this induces a well-defined map on tangency classes, this is
how we defined the derivative:

D, :T,Z - T,R"
[o] = [too]

If we identify T,R™ with R", then this map is simply sending the class of ¢ to
the vector Doy € R™. We checked in Lemma 4.18 that ¢ is an immersion, so
the linear map D:|, is an injection. This means that we can view T,Z as a
subspace of R™; it is the subspace of vectors which are tangent to curves in Z.
This is exactly our intuitive idea of a tangent space.

Example 5.12. Consider the submanifold Z; = {(z,sinz)} C R? from Exam-
ple 3.1. For any point y = (x,sinz) € Z1, we can define a curve in R? through
the point y by
o:(—€e€) > R?
t— (t+ z,sin(t + z))
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Figure 8: The tangent space to a point in Z;.

(and € can be any positive real number). The image of o lies in Zp, so o is
automatically a smooth function from (—e¢, €) to Z; by Lemma 4.8. Hence [o] is
a vector in T, Z;. If we want to view [o] as a vector in T, R? = R? we compute:

DJ|0—( ! )6R2
COS T

Since Z; is only 1-dimensional, the tangent space 1}, Z; is the line in R? spanned
by this vector (see Figure 8).

This is exactly what the tangent line ought to be, so our complicated defi-
nitions have reduced to a sensible answer.

We can generalize this picture from R” to arbitrary manifolds. Suppose X
is a manifold, and Z C X is a submanifold. The inclusion map

L: 4 —X

is a smooth immersion (Lemma 4.18 again), so for any z € Z we have a linear
injection:

D, :T,Z - T,X
So we can always view T, Z as a subspace of T, X. We can see this very explicitly
in co-ordinates: we know we can choose a chart (U, f) containing z such that

fUNZ)=UNnR™

for the standard subspace R™ C R™. This fixes an isomorphism Ay : T, X —
R™, under which 7, Z becomes the subspace R™ C R".

We saw in Proposition 4.14 that a good way to produce submanifolds is as
the level sets of smooth functions.

Lemma 5.13. Let F' : X — Y be a smooth function, let y € Y be a reqular
value of F', and let Z = {Fﬁl(y)} be the corresponding submanifold of X. For
any z € Z, the tangent space T,Z is the kernel of the linear map:

DF|.:T.X - T,Y

Proof. Let the dimensions of X and Y be n and k. The Implicit Function
Theorem implies (see problem sheets) that we can find a chart (U, f) on X
containing z, and a chart (V) g) on Y containing y, such that the function

F=goFof ' :U—=V
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is simply the restriction of the standard linear projection:
7:R" 5 RF

We can also assume (after translating) that g(y) = 0, and then f(Z N7U) is
the intersection of U with the subspace R"~% ¢ R”. This is essentially how we
proved Proposition 4.14.

Now since 7 is linear, if we look at DF|, in these charts we get

DF|j,y =7 :R* > R*

and the kernel of this is the subspace R** ¢ R”, which is exactly the tangent
space T,Z C T, X written in this chart. O

Example 5.14. Consider the submanifold S ¢ R"*!. This is the level set of
the function
h: (20, ooy Tp) > 5 + oz

at the regular value h = 1, as we saw in Example 3.19. At a point z =
(zg,...,xn) € S™, the derivative of h is the 1-by-n matrix:

(29, ...,2z,) : R" - R
So the tangent space T,S5™ is the subspace:
T,5" = {v; z.v =0} c R"!

Example 5.15. If we specialize the previous Example to S* C R?, we see that
the tangent space to a point (z,y) € S! is the subspace:

()

Now let’s derive this again using polar co-ordinates
[l U=Rsog x (—m,m) = U =R2\{(z,0), z <0}

(r,0) — (rcosf,rsind)

as in Example 3.3. In this chart, S* becomes the subspace {r =1} C U, so if
we pick a point (1,0) € f(S1) then the tangent space is:

rooi=(()

The derivative of f~! at this point is

sinf cos@

_ cos —sinf
DU Ylan =( )

so the tangent space to the point (cos®,sinf) € S* is the line spanned by the
vector (—sinf,cosf)’ € R2.
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5.3 A second definition of tangent vectors

We're now going to discuss a second way to define tangent vectors, and later on
we’ll introduce a third definition. These other definitions are precisely equivalent
to the definition we’ve already introduced, but each one has its own advantages
and disadvantages.

Fix a point « in a manifold X, and fix a tangent vector [o] € T, X, the equiv-
alence class of some curve ¢ through x. If we now choose a co-ordinate chart
(U, f) containing x, we can turn [o] into an ordinary column vector As(o) € R™.
Furthermore, if we change co-ordinates between (Uy, f1) and (Us, f2), we know
that the ‘transformation law’

Afz(U) = D¢)21|f1(:r) (Afl (U)) (516)

holds (this was equation (5.7)). If we wish, we can take these properties to be
the definition of a tangent vector.

Definition 5.17 (‘Physicist’s definition’). Fix a point z in an n-dimensional
manifold X. Let A, denote the set of all co-ordinate charts on X that contain
the point z. A tangent vector to z is a function

0: A, - R”
which we write
d: (U, f) — o5

and which has the following property: for any two charts (Ui, f1) and (Us, f2)
in A,, the equation
5}"2 = D¢21|f1(9¢) (5f1) (518)

holds.

Let’s temporarily use the notation 7,X to denote the set of tangent vectors
in the sense of Definition 5.17, although as we shall see in a moment the two
definitions are equivalent and 7, X is the same thing as T, X.

The vector space structure on 7, X is much more obvious than the one on
T,.X. For two elements 5,5 € T, X, we can define § + 6 to be the function:

§+6: (U, f)rs0;+0; €R™

This still obeys the rule (5.18) for any two charts, because D¢o1|f, (4 is linear.
Scalar multiplication is similar, and it’s immediate that 7, X is a vector space.
Now let’s prove that it has dimension n.

Lemma 5.19. For any chart (U, f) € A, the function ‘evaluate in (U, f)’

evy: T, X — R"
(5'—)(5]0

s a linear isomorphism.

Proof. The fact that evy is linear follows instantly from the definition of the
vector space structure on 7,X. It’s also clear that it’s an injection, because if
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§ and & give the same vector for (U, f) then they must give the same vector for
all charts, because of the rule (5.18). So it only remains to prove surjectivity.
Pick any vector v € R™. Let (U, fo) = (U, f), and define a function 4 :
A, — R™ by:
82 (Ui, fi) = 65, = Diol go(2) (V)
If we pick any two charts (Uy, f1), (Uz, f2) € A, the transition functions obey
the equation

$20 = P21 0 P10

(this makes sense in some neighbourhood of fo(z)), so by the chain rule:

85, = Dol , () (v) = Do g, (x) (D10l fo(2) (V) = Darl, () (05,

So our function ¢ obeys the rule (5.18), hence it’s an element of 7,X, and by
construction evs(6) = v. O

If we have two different charts in A, then the isomorphisms evy, and evy,
are related by
ev, = Doarlf (@) © evp,

which is the same rule as relates Ay, and Ay, .
Now we can prove that our two definitions of tangent vectors, Definition 5.5
and Definition 5.17, are equivalent.

Proposition 5.20. There is a canonical linear isomorphism between T, X and
T.X.

Proof. If we have a tangent vector [o] € T, X in the ‘geometer’s sense’, then we
can get a tangent vector 0 € 7, X in the ‘physicist’s sense’ by considering the

function:

6: A, - R"
(U, f) = Aylo)

So there is a natural function:
T,X — T.X

If we fix any chart (U, f) € A,, this function factors as the composition

A ev; !
T,X =L R L T.X

and since both factors are linear isomorphisms, so is their composition. O
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6 Vector fields

6.1 Definition of a vector field

We have shown (twice over) that to any point « in a manifold X we can attach
a vector space T, X. A wvector field on X is a function which assigns to any point
x € X a vector in the corresponding tangent space T, X .

We'll give the formal definition of a vector field shortly, but let’s start by
considering the case when X = U is just an open set in R™. In this case, the
tangent space T, U to any point € U is canonically isomorphic to R, because
we have a canonical set of co-ordinates on U. This means that a vector field on
U is simply a function: R

&:U—-R"

This is a definition you may have seen before, but it is potentially misleading. If
x and y are two different points in U then we should really think of the vectors
€|, and |, as living in two different vector spaces; the first one lives in T,,U and
the second one lives in T,,U. For example, it wouldn’t normally be sensible to
add these two vectors together. So we should visualize vector fields differently
from other such functions, you should imagine that at every point x € U the
function é ‘attaches’ a vector é\m to the point z (see Figure 9).
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Figure 9: A vector field on R2.
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To make this intuition more formal, we consider the set:
TU = | J T,U = U x R"
zeU

An element of TU is a pair (z,v) where z is a point in U, and v is a vector
in T,U. This set is exactly U x R™, since each T,U can be identified with R™.
Projecting onto the first factor gives a function:

m:TU - U
Now we can define a vector field on U to be a function

€:U—TU=UxR"
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such that w o & = 1y. This just says that £ is a function of the form

a s (2,€])

for some function € : U — R™. So the data of £ and € are exactly the same, but
this second definition fits the intuitive picture better.

Now we generalize this second definition to an arbitrary manifold. For any
manifold X, we can form a set

TX = U T, X
rzeX

by taking the disjoint union of all the tangent spaces to all the points in X. So
an element of TX is a pair (z,v) with 2 a point in X, and v a vector in T, X.
This set is called the tangent bundle to X.

In fact the tangent bundle T'X is not just a set, it naturally has the structure
of a manifold, whose dimension is twice the dimension of X. We’re not going
to use this, but it is explained in Appendix E.

If x and y are two different points in X then T, X and T, X are different
vector spaces, and there is no canonical way to identify them. So in general,
TX is not a cross-product of X with some other set (we could do this when
X was an open set in R™, but this is a very special case). But we still have a
projection function

m:TX -+ X
(x,v) =» x
with 771 (z) = T, X for all z € X. Hence we can make the following definition:

Definition 6.1. A vector field on X is a function
E: X ->TX
such that mo & = 1.
So for each point x € X, the function ¢ selects a vector £|, € T, X.

Example 6.2. If X = S, then we saw in Example 5.15 that the tangent space
T(2,)S" to a point (x,y) € S* can be identified with the subspace of R?* spanned
by the vector (—y,z)". So we can define a vector field on S* by:

£:8' -8t
($>y) = (($>y)’ (_yvx)—r)

For a point in S! this vector field assigns the corresponding (anti-clockwise)
unit angular vector (see Figure 10).

Of course, we are really interested in smooth vector fields, but we need to
say what this means.

If our manifold is an open set U C R” then the definition is obvious. We
saw before that the tangent bundle TU can be identified with U x R”, and this
is an open subset of R2”. So we can define a smooth vector field on U to be a
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Figure 10: The vector field ¢ on S!.

&

smooth function & : U — TU satisfying 7 o & = 15. This is exactly the same
data as a smooth function o

&:U—-R"
since the first component of § has to be the identity, so £ is smooth iff its second
component & is smooth.

Now we extend this definition to more general manifolds. Let X be a mani-
fold, and let (U, f) be a chart on X. Now let TU be the subset:

TU =7'(U)= | T.X cTX
zelU

For each point z € U, our co-ordinates f give us an identification:
Ap: T, X — R"
Putting these together gives us a bijection:
F:TU =5 TU=UxR"
(z,0) = (f(2),Af(v))

So locally TX looks like an open subset of R?", which is why we can give it the
structure of a 2n-dimensional manifold (see Appendix E).

Now let £ : X — T'X be a vector field. Since ¢|, € T, X for any point © € X
restricting & to U defines a function:

Elo:U—=TU
Then we can look at this in our co-ordinates, i.e. we can consider the function:

Fotlpyof™1:U —TU=UxR"
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This function is a vector field on U (because the bijection F' respects the pro-
jection maps), so we must have

Foglyof™ = (13.€)
for some function € : U — R™. Now the definition of a smooth vector field on
X should be clear.

Definition 6.3. A vector field £ : X — T'X on a manifold X is called smooth
iff for any chart (U, f) on X, the associated function

Foflpof™t=(148:U—UxR"
is smooth, i.e. iff the function & : U — R”™ is smooth.

This definition is only useful if it is chart-independent. Let’s check that this
is the case.

Suppose we have two charts (U, f1) and (Us, f2) on X, and suppose for
simplicity that they have the same domain U = U; = U, (if not then shrink
both of them to U; N Us). For any point € U, we have two different linear
isomorphisms

Ay T, X — R" and Ap, T, X —R"
and they are related by the ’transformation law’

Af, = Doailf () 0 Ay,
where ¢2; is the transition function. This means our two charts give bijections
F:TU =5 U; xR* and  Fp:TU =5 Uy x R”
and these are related by the bijection:
Bop : Uy x R® =5 Uy x R™
(Z,0) = (¢21(&), D21 |z(v))

The important thing to observe is that this function ®; is smooth, because
the partial derivatives of ¢o; (i.e. the entries in the Jacobian matrix) are all
smooth functions of Z. The inverse function is just @15, so this is also smooth,
and hence ®4; is a diffeomorphism.

Now suppose we have a vector field £ on X. Looking at £ in our two charts,
we get vector fields

Fioflypofi'= (1U17£1)1 U, — U x R"

and: B R ~
Fyollyofyt=(1g,,&): Uy — Uy xR”

Since Fy = ®91 o FY, and f{l = ffl o (12, it’s immediate that the vector field
in the first chart is smooth iff the vector field in the second chart is smooth.

In particular if we only look at the second components then we have that
§~1 is smooth iff §~2 is smooth. Indeed, these two functions are related by the
‘transformation law’

&l (5) = Donlz (61]z) (6.4)
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and D¢sp is a matrix whose entries are smooth functions of Z.

So if we want to check if a vector field £ is smooth then we don’t have to check
every chart (which is impossible!), we just pick an atlas for X, and compute the
functions £ for every chart in the atlas.

Example 6.5. Let’s check that the vector field ¢ on S! from Example 6.2 is
smooth. If we use polar co-ordinates on R? then we get an induced chart on the
submanifold S € R? with U = S\ (-1,0) and U = (-, 7) C R, and:

f71: 60— (cosh,sinf)
We computed in Example 5.15 that this chart identifies the tangent space
T{cos 6, sin 9)51 with TpU = R via the linear isomorphism:
A;1 ‘R T(COsG,simG)S1
1+ (—sinf,cosf)"
So in this chart, the vector field £ is just a constant function:
£E=1:U—R

This is certainly smooth, which proves that & is smooth at every point in S*
apart from (—1,0), and we can use another polar co-ordinate chart to check
that ¢ is smooth at that point too.

As usual we only care about smooth things, so from now on we're going to
assume that all our vector fields are smooth, unless we need to specifically state
otherwise.

6.2 Vector fields from their transformation law

Now we’ll look at another definition of vector fields, by adopting the viewpoint
of our ‘physicist’s definition’ of a tangent vector.

_ If¢isavector field on X, then for any chart (U, f) we have a smooth function
£ U — R™. If we have two charts (U1, f1) and (Us, f2), then the two functions

éllﬁlﬁRn and églﬁg—)Rn
are related by the transformation law

E2lgor () = Do lz(G113))

(see (6.4)). In the style of Definition 5.17, we can take these properties to be
the definition of a vector field.

Proposition 6.6. Let & be a rule which assigns to any chart (U, f) on X a
smooth function: o
&:U—-R"

Assume that § obeys the following property: for any two charts (Ui, f1) and
(Ua, f2), and any point & € f1(Uy NUs), the corresponding functions & and &
satisfy R R

&aloar @) = Dol (&11z)
where ¢o1 is the transition function between the two charts. Then £ defines a
(smooth) vector field on X.
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Proof. Fix a point x € X and let A, denote the set of charts containing z.
Define a function
o Ay = R”

by: 3
€|ac : (Uaf) = E‘fl(.’,t) e R"

Then |, is a tangent vector in the sense of Definition 5.17, so it defines an
element of T, X by Proposition 5.20. Hence we have a vector field:

X 5 TX

In any single chart (U, f) this vector field becomes the corresponding function

: U — R™, so £ is smooth. O
3

We can specify a vector field by choosing an atlas for X and then specifying
the functions £ for every chart in the atlas. The values of the vector field in any
other chart will then be determined by the transformation law.

Example 6.7. Let X = S', and recall our stereographic projection atlas from
Example 2.4. So we have two charts whose codomains are

Uy=R and U,=R
and the transition function is:
$21 : R\O——R\0

T+

ISR

You can think of this data as alternative definition of the manifold S'; it says
we take two copies of R and ‘glue them together’ using ¢o;.

By Proposition 6.6, a vector field on S! is equivalent to the data of two
smooth functions

&L R—-R and &L R—-R
such that R ~
&(3) = —4(2)
for all & # 0. It’s very easy to construct vector fields on S ! using this definition,
just take any smooth function &; : R — R and define:

&:R\0—=R
i =226 (1)

Provided that &1 behaves sufficiently well as |Z| — oo, we will be able to extend
&> to a smooth function on R. For example, the pairs

Giim 1 LY & i i
2

Ey: @ —F & T —F E:am —1

all define vector fields on S*.
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6.3 Flows

Vector fields are closely related to a nice geometric idea called a flow, as we’ll
now explain.

If X and Y are two manifolds then we’ve defined a diffeomorphism between
X and Y to be a smooth function ' : X — Y with a smooth inverse (Definition
4.23). In particular, it makes sense to talk about diffeomorphisms

F: X=X

from a manifold to itself. These are the symmetries of a manifold.

Example 6.8. Let X = T'. For any constant s € R, we can define a bijection
F,.T' = 1!

by:
Fy:[t]—[t+s]

It’s easy to check that F§ is smooth for any s, and since the inverse of F is F_;
this shows that each Fj is a diffeomorphism.
We checked in Example 4.25 that the function

H:T'— s
[t] — (cos27t, sin 27rt)
is a diffeomorphism. This implies that for any s the function ‘rotate by 27s’
Gs=HoF,oH': 8" 8!
(cos®,sinf) — (cos(f + 27s),sin(6 + 27s))
is a diffeomorphism of S!.

In the previous example, we didn’t just write down one diffeomorphism, we
wrote down a whole family of them, indexed by the parameter s € R, and in the
middle we have the identity function Fy = 171. Moreover, the diffeomorphism
F; ‘depends smoothly on s’, in the following sense. Put all of them together to
form the function:

F:RxT'—>T!
(s, [t]) = Fs([t])

The set R x T is fairly obviously a 2-dimensional manifold (an atlas is given in
Example E.2), and it’s easy to check that this total function F' is smooth.
Let’s abstract this example.

Definition 6.9. Let X be a manifold. A 1-parameter family of diffeomor-
phisms, or flow, on X is a smooth map

F:(—ee)x X =X
for some positive real number ¢, such that for each s € (—¢, €) the function

F:X > X
x— F(s,x)

is a diffeomorphism, and in particular the map Fy is the identity on X.
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It should be clear that that if take a smooth atlas for X then we can produce
a smooth atlas for (—e¢, €) x X, by simply crossing every chart with the interval
(—€,€). So (—¢,€) x X is naturally a manifold (with dimension 1+ dim X), and
hence it does makes sense to ask for I’ to be smooth.

Instead of fixing the parameter s, we can instead choose to fix a point z € X.
Then restricting F' to the subset (—e¢,€) x {z} gives us a smooth function:

F,:(—€€) = X
s+— F(s,x)

Since F;(0) = Fy(x) = z, this is a curve through z, so it determines a vector
in the tangent space T, X. If we do this at all points in x simultaneously then
we produce a vector field on X, which we’ll call £€¥. This vector field is the
‘infinitesimal version of the flow F”, it tells us the direction that every point will
move in if we start to apply the flow.

Let’s look at this procedure in co-ordinates. If we pick a chart on X with
codomain U C R™ then F will become a smooth function

F=(F,. F):(—ee)xU—=T

such that Fy = 15 (in fact F isn’t really defined on this domain because the
flow might not preserve the subset U C X, but it does make sense on some open
neighbourhood of the subset {0} x U and that is all we need). The associated

vector ¢F field on U is:
\ 0s

In particular, it’s clear that the vector field £ is smooth, since ¢ is a smooth
function.

oF,
O

s=0

~  9F
F_ 77
¢ 0s

):U%R”

s=0

s=0

Example 6.10. In Example 6.8 we defined the following flow on S':

G: (—e,e)x St = &t
(s, (cos,sinf)) — (cos(6 + 2ms),sin(6 + 27s))

(here e can be any positive real number). We claim that the vector field associ-
ated to this flow takes the value

—27sin 6
gG‘(COSG,Sine) = ( 27 cos 6 ) € T(cos@,sine)sl C R2

at the point (cos®,sin@) € S'. Up to the overall scale factor of 27, this is the
vector field that we saw in Example 6.2.

There are many ways to prove this claim, for example we can look at G in
polar co-ordinates, where it becomes

G:(—€€) X (—m,m) — (=7, )
(s,0) — 0+ 27s
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(which is really only defined in an open neighbourhood of {s = 0}). Then the
associated vector field is constant:

25 (—m,7m) =R

0 — 2w

We saw in Example 6.5 that this the expression in polar co-ordinates of the
angular vector field on S* (up the factor of 27).

It’s in interesting question to ask whether this process can be reversed: if
we have a vector field € on X, can we construct a flow on X whose associated
vector field is £7

This is a question about constructing solutions to partial differential equa-
tions, and dealing with it properly requires more analysis than we wish to in-
troduce here. However, the answer is yes, provided that we assume that X is
compact. If we fix a small neighbourhood U C X then we can always construct
a flow

F:(—€e)xU—X

whose infinitesimal version is |y, for some value of e. If X is non-compact
then these values for € might not be bounded above zero over the whole of X,
meaning that we cannot find a global flow F for any positive value of e. However
if X is compact then there must some minimal ¢y > 0, and we have a global
flow with € = €.
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7 Cotangent spaces

We've seen that to any point z in a n-dimensional manifold X we can attach
an n-dimensional vector space, the tangent space T, X. In fact we've seen
two equivalent ways to do this, the ‘geometer’s definition’ and the ‘physicist’s
definition’. In this section we’re going to see another way to attach an n-
dimensional vector space to x, called the cotangent space.

As we shall see, the cotangent space is not the same as the tangent space, it
is its dual. This will give us yet another way to define T, X .

7.1 Covectors

Let X be a manifold of dimension n. We let C*°(X) denote the set of all smooth
functions from X to R, this forms an infinite-dimensional vector space under
‘point-wise’ addition and scalar multiplication of functions.

Now fix a point = in X. The rank of a function h € C*°(X) at the point =
can either be one or zero, and we’ll write

R, (X) C C™(X)

for the set of functions which have rank zero at x. We shall see in a moment
that R, (X) is a subspace of C*°(X).

Definition 7.1. The cotangent space to X at x is the quotient space:
T; X = C=(X) / Re(X)
We refer to the elements of Ty X as covectors.

This may look intimidating, we’ve taken an enormous vector space and quo-
tiented by an enormous subspace. Let’s start as usual by considering the case
when X is an open subset in R"; we shall see that this quotient space is actually
very mundane.

Lemma 7.2. Let X C R™ be an open set, and let x be a point in X. Then
R, (X) C C®(X) is a subspace, and the quotient space Ty X has dimension n.

Proof. Consider the map:

C*(X) —R"

Ooh Oh

x

This map is linear, and by definition R,(X) is its kernel. Hence R,(X) is a
subspace of C*°(X), and by the first isomorphism theorem T*X is isomorphic
to the image of this map. So we need only show that the map is surjective. But
for any vector (ai,...,a,) € R™ we can let h be the linear function

h=az1+ ...+ apz, € CP(X)

and then the partial derivatives of h at x are the a;’s. O
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Now let’s move to a general manifold X. Suppose we have a function h €
C*(X) and we want to compute its rank at a point z € X. What we must do
is pick a chart (U, f) around z, and consider the function:

h=hof™:U—>R

Then h has rank zero at z iff all partial derivatives of h vanish at the point
f(z) € U, and we know that if this is true in one chart then it must be true in
all charts. So, once we've fixed our chart (U, f), we can define a linear map

V) C®(X) — R"

- oh oh
")t @)

and the kernel of this map is R,(X). This proves that R, (X) is a subspace of
C*(X), and that the quotient space Ty (X) is isomorphic to some subspace of
R™ - hence its dimension is at most n. The only tricky part is proving that this
map V; is surjective, this reason that this is not obvious is that we don’t know
a general procedure for producing any smooth functions in C*°(X). To rectify
this, we’re going to introduce some very useful gadgets called bump functions.

You may recall the remarkable function:
p:R—>R

e*%, for z >0
x»—>{ 0, forz <0

This function is differentiable to arbitrary order, because all derivatives of e
tend to zero as x tends to zero. It’s a good example for showing that Taylor
expansions are not necessarily to be trusted, because the Taylor expansion of
¢ at zero is identically zero, but ¢ is not equal to the zero function in any
neighbourhood of zero.

By messing around with ¢ we can create some other nice functions, for

example:
¢(x)

T O Ry
This function % is smooth, identically equal to zero for x < 0, and identically
equal to 1 for z > 1 (see Figure 11).With some further modifications, it should
be clear that we can create a smooth function of n variables

¥ :R" 5 R

which is constantly equal to 1 inside the ball B(0,7) and constantly equal to 0
outside the ball B(0, '), for any ' > r > 0. This is called a bump function.

We can also create bump functions on arbitrary manifolds. Let X be a
manifold, and let z be a point in X. Pick a chart (U, f) containing z, and for
simplicity assume that f(z) = 0 € R™. Let zz be a bump function on R" as
above, chosen such that the closure of the larger ball B(0,r’) is contained in U.
Then we can define a function on the whole of X by

o= {
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Figure 11: The function .

So ) is real-valued function which has constant value 1 in an open neighbour-
hood W = f~1(B(0,7)) of o, and constant value 0 outside a larger open neigh-
bourhood W’ = f=1(B(0,r’)). Moreover since ¢ is smooth inside U and con-
stant outside U it is obviously smooth.*

Bump functions are useful for many things, one of which is extending smooth
functions from open sets to the whole of X. If we have a function g € C*(U),
then we can define a function g € C*°(X) by:

~ | g¥ inside U
971 0 outside U

Then gly and g agree on the open set W. Using this construction we can prove:

Proposition 7.3. Let x be a point in an n-dimensional manifold X. Then the
cotangent space Ty X has dimension n.

Proof. As we saw above, if we fix a chart (U, f) containing = then we get a linear
injection Vy : Ty X — R™. This sends a function h € C*°(X) to the Jacobian
matrix of h, computed in the chart (U, f). Fix a vector a = (a1, ...,a,) € R™.
On the codomain U of our chart we can find a smooth function h e C=(U)
such that Dh|g(,) = a - for example we can set h to be a linear function as we
did in the proof of Lemma 7.2.

Now construct a bump function ¢ on X which is identically equal to 1 on
some open neighbourhood of z, and is identically zero outside U. Define a
function h € C*°(X) by declaring h to be equal to w(ﬁ o f) inside U, and zero
outside of U. If we write h in the chart (U, f) we get a function which agrees
with % in some neighbourhood of f(z), so V;(h) = a. This proves that Vy is
an isomorphism. O

LActually it is not obvious that this function is smooth. It is only true because our
manifolds are Hausdorff, without this condition 1) might not even be continuous (see Appendix
(). This is the only point in this course where we will need to invoke the Hausdorff condition.
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As an aside, this trick with bump functions shows that there are lots of
smooth functions from X to R, so the space C*°(X) is very large indeed. You
can also use this trick to prove that, for example, there are lots of smooth vector
fields on X. Just pick a chart and write down any vector field on the codomain
U of that chart - this is just a smooth function from U to R™. Then use a bump
function to extend this to smooth vector field on X.

Given a function h € C*°(X), we’ll use the notation
dhl, € T; X

for the associated covector at x, i.e. the equivalence class of h in the cotangent
space. If X is just an open set in R™ then we can canonically identify 77X
with R"™, and dh|, with the vector of partial derivatives of h at . However on a
more general manifold there is no canonical way to do this, it’s only once we’ve
picked a chart that we get an isomorphism Vi : Tx X = R™.

This is exactly like the situation for the tangent space T, X, but there is one
important difference: the ‘tranformation law’ for covectors is different. Suppose
we have two charts (Uy, f1) and (Us, f2) both containing x, and we choose a
smooth function h € C*(X). If we write out the covector dh|, in these two
charts, we get the vectors

V4, (dh|z) = Dhi, (2) and  Vy,(dhl.) = Dhaljy )

where h; = ho ffl and hy = ho f{l. Now hy and hy are related by the
transition function ¢9; between the two charts, in some neighbourhood of f5(x)
we have that

f~l2 = ill ° ¢12
and then the chain rule says that:

Dha|f, () = Dhal g, () Dé12l po(a)

In this equation the matrix Dhy | £, () 1s a Tow vector, and it is being transformed
into another row vector by the n-by-n matrix D¢12|y,(,) acting on the right. If
you prefer your vectors to be column vectors, and your matrices to act on the
left, then transpose the equation:

(Dhalf,2)) " = (Dér2lsy () T (Dhals )"

This says that the linear isomorphisms Vg, and Vy, are related by:

)
Vi, = (Déralfy@) ©Vp (7.4)

Compare this to the transformation law for tangent vectors (5.16), it is similar
but not the same.

For tangent vectors, we showed that the transformation law could be used
to give an alternative ‘physicist’s’ definition. We can do the same thing for
covectors.

Proposition 7.5. Let x be a point in a manifold X, and let A, denote the set
of all charts containing x. A covector in Ty X is the same thing as a function

e: A, > R
(U,f)l—>6f
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such that, for any two charts (Uy, f1), (Ua, f2) € A,, we have:

€f, = (D¢12|f2(z))T (€1,)

Proof. This is proved in exactly the same way as Proposition 5.20. Let TX
denote the set of all such functions e, this has an obvious vector space structure.
For any chart (U, f), the evaluation map

evy : TJX - R"
€ €f

is a linear isomorphism, by exactly the same argument that proved Lemma 5.19.
Then the evident function from 77X to 7;X must be a linear isomorphism,
since if we pick any chart then we can factor it as:

-1
T x Yh R O e x

7.2 A third definition of tangent vectors

We've seen that we can define tangent vectors using curves, or as an operation
turning charts into vectors. We’re now going to introduce a third definition,
which takes the point-of-view that a tangent vector is a direction in which we
can take a partial derivative of a function. Using this definition, we shall see
that the cotangent space 77 X is the dual to the tangent space T, X.

As usual let’s start with the easy case when our manifold X is an open subset
in R". Fix a point x € X. In this easy case we can canonically identify the
tangent space T, X with R", so a tangent vector v € T, X is just a vector in R™.
Given v, we can consider the operation ‘take the partial derivative at x in the
direction v’. This is an operator

Opw : CF(X) — R
that sends a smooth function h € C*°(X) to the real number:

Oh

ol (7.6)

Oh
3x,v(h) = Dh|x(’l)) = 871‘1 x++1)n

This operator 0, is a linear map, 4.e. we have:
ax,v (hl + h2) = am,v(hl) + am,v(h2) and ax,v(Ahl) = )\az,v(hl)

for any functions hq, he € C°(X) and any scalar A € R.

We can also express this operator using curves. If we want to think of T, X as
the space of curves through x modulo tangency, then we should replace v € R™
with (the class of) any curve o such that Do|p = v. Then o is a function from
some interval (—e,€) into X, so h oo is a function from (—e¢,€) to R, and the
chain rule tells us that:

d(hoo)

a |, O (h)
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Now suppose h is a function in C*°(X) that has rank zero at xz. Then
Oyzv(h) = 0 automatically. This means that 9, induces a well-defined linear
map

O TIX — R
dhly — Oy (R)

since T*X is the quotient space C*°(X)/R,(X), and adding an element of
R, (X) onto h doesn’t change the value of 9, ,(h). So the operator J,, is an
element of the dual vector space (T X)* (a quick revision of dual vector spaces
is given in Appendix B).

Since we're assuming X is just an open set in R™ we can canonically identify
TrX with R™, by sending dh|, to the vector of partial derivatives of h. If we
make this identification then (7.6) says that 0, is simply the linear map

R®™ - R

U= v.u

given by taking the dot product with v.

Conversely, suppose we have some linear map 6 : 7> X — R. We can identify
TrX with R™, and then this linear map J must be given by taking the dot
product with some vector v € R™ (the dual space to R™ is R™). But then §
sends the class of a function h to the number Dh|,(v), so 0 is the operator 0y ,.

So tangent vectors are the same things as linear maps from 7 X to R, i.e.
the tangent space is the dual space to the cotangent space.

Now let’s repeat all the above on an arbitrary manifold X. Fix a point
x € X. The first step is to turn tangent vectors in 7, X into operators on the
space of functions C*°(X).

Let’s adopt our first definition of tangent vectors, so an element of T, X
is the equivalence class of a curve o : (—e¢,e) — X through x. We define an
associated linear operator:

0y : C®°(X) > R (7.7)

d(hoo)

h
A |,

Let’s look at this in co-ordinates, so pick a chart (U, f) around x. Then h
becomes a function h = ho f~1 € C*°(U), and o becomes a curve

G=foo:(—ee) =U

through the point f(z) (possibly after shrinking e so that the image of o lies in
U). But the composition h o & equals h o o, so the the operator J, sends the
function A to:

d(hos)| - = 0Oh
“@ | = DHwbrb =2 5

do;
dt
)

0

f(z

This expression is a row vector applied to a column vector, or if you prefer it’s
a dot product of the two vectors:

Ap(o])=Dsly  and  Vy(dhl,) = Dhly,) €R"
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Yet another way to express this is to say we have applied the operator d¢(4) .
to the function h, where v = Délp.

So we have two ways to descibe what this operator d, does: we can either
define it without using any charts as in (7.7), or we can say “pick a chart, write
both h and o in co-ordinates, then take the dot product of the vectors Dﬁ|f(x)
and Do|y”. These two prescriptions give the same answer, so in particular the
second version is definitely chart-independent.

The version written in a chart makes two things explicitly clear. Firstly,
the operator d, only depends on the tangency class of the curve o, so for any
tangent vector [o] € T, X we get a linear map from C*°(X) to R. Secondly, if
h € C*(X) has rank zero at = then d,(h) = 0, and consequently we have a
well-defined linear map on the quotient space:

O, :To X - R

This shows that for any any tangent vector in 7, X there is a corresponding
element of the dual space of the cotangent space.

Proposition 7.8. Let x € X be a point in a manifold. The map

T, X — (TXX)*
(0] = 0,

s a linear isomorphism.

Proof. Pick a chart (U, f) around z. Then we get isomorphisms Ay : T, X —
R™ and Vy : T*X — R". Take a curve o and a function h € C*(X), so
we have a tangent vector [o] and a covector dh|,;. The operator 9, sends the
covector dhl, to the dot product of Af([o]) with V(dh|,), so the map in the
statement of the proposition becomes the map

R" — (R™)*
sending a vector v to the operation ‘dot with v’. This is a linear isomorphism.

O

So the tangent space T, X is the dual to the cotangent space T X. For any
finite-dimensional vector space V' we have a canonical isomorphism between V/
and (V*)*, so we can also interpret this an isomorphism

(X)) =Ty X (7.9)

between the cotangent space and the dual of the tangent space. This explains
the notation for the cotangent space.

It’s worthwhile unpacking the isomorphism (7.9) explicitly, which means
turning everything we did above around. Given a covector dh|, € Ty X, we can
define a function:

T,X >R
[o] — Oy (h)

Looking at this in co-ordinates shows that this is well defined and linear, and
the resulting map
"X — (T, X)*
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is a linear isomorphism (exercise). This isomorphism is the dual to the linear
map in Proposition 7.8.

As another exercise, pick a chart around x, and consider the isomorphisms
Ay :T,X —R" and V; : T*X — R"™. Then the proof of the proposition (if
you unpack the definitions) is saying that V is the dual linear map to (As)~!,
and vice-versa.

Given the previous proposition, we have a third way to define tangent vec-
tors: we can declare that a tangent vector is a linear map from 7 X to R, or
equivalently it’s a linear map from C'*°(X) to R which vanishes on the subspace
R, (X). However, there is a slightly better version of this definition.

Definition 7.10. Let X be a manifold and let = be a point in X. A derivation
at x is a linear map

0:C°(X)—=>R
obeying the product rule

D(hlhg) = hl(ﬂf)b(hg) + hQ(l')D(hl) (711)

for any two functions hj, hy € C°°(X). We denote the set of all derivations at
x by Der,(X).

For any tangent vector [o] € T, X the operator 9, is a derivation at z, this
follows instantly from the ordinary product rule for functions of one variable.
In fact these are the only derivations at x, because:

Proposition 7.12. A linear map 0 : C°(X) — R is a derivation at x if and
only if 0 vanishes on the subspace R, (X) of functions having rank zero at x.

The ‘if’ direction is a straight-forward exercise, but the other direction is
tricky and we relegate it to Appendix D.

Definition 7.13 (‘Algebraist’s definition’). Let x be a point in a manifold X.
A tangent vector to x is a derivation at x.

We've already seen that tangent vectors are exactly the linear maps from
C*(X) to R which vanish on R,(X), so Proposition 7.12 shows that we have
an isomorphism

T, X — Der,(X)

given by sending [o] to 0,, and hence this new definition is equivalent to our
previous two. What’s nice about this definition is that it only uses the fact that
C*(X) is a ring (or more accurately an algebra over R), so it can also be used
in more algebraic contexts.

To summarize, a tangent vector in 7, X can be thought of as either:
e A curve o through z, up to tangency at x.

e An operation turning charts around z into vectors in R™, obeying the
tangent vector transformation law.

e An operator from C*°(X) to R, obeying the product rule at z (7.11).

e An element of the dual of T X.
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If we fix a chart (U, f) around = then we can turn our tangent vector into an
explicit vector v € R", or into an operator dy(,),, acting on C*°(U).

A covector in Ty X can be thought of as either:
e A function in C*°(X), modulo the subspace R, (X).

e An operation turning charts around z into vectors in R™, obeying the
covector transformation law.

e An element of the dual of T, X.

Of course it can be confusing that so many different perspectives exist, but
they are all useful.

7.3 Vector fields as derivations

Let’s see what vector fields look like if we adopt our third definition of tangent
vectors (Definition 7.13), as being operators on the space of functions.

We'll start with the easy case when X is an open set in R™. In this situation
a vector field is just a smooth function:

£:X 5 R”
At any point € X we have a we have a partial derivative operator

0

x7£|1 : CDO(X) — R

which differentiates along the vector 5 |- at the point x. This means that if h is
a smooth function in C*°(X), then we can define a new function

£h): X >R

by: }
§(h): =0, ¢ (h)

Explicitly, if the components of € are £ = (51, ceees én) then:

~ h -~ Oh
f(h) :517 + ...+ 57;@

Each function §; is smooth, and the partial derivatives of h are themselves
smooth functions, so this new function {(h) is also smooth. This means we can
view our vector field £ as an operator

£:0%(X) = C®(X)
h— &(h)

which turns functions into other functions. When we want to think in this way
it’s common to write vector fields in the form:

- .9
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For example, the notation 3%1 denotes the operator h +— 0., h. It corresponds

to a constant vector field

X —>R"
z+— (1,0,...,0)
which sends any point to the first standard basis vector. Similarly ai is a

constant vector field that maps any point to the ith standard basis vector, and
obvious any vector field is obtained by multplying these n constant vector fields
by functions in C*°(X) and then adding them together.

Recall that every operator 0, él. is a derivation at x, i.e. it satisfies the

product rule (7.11). Letting « vary, this implies that the operator 5 satisfies the
following version of the product rule:

E(hha) = hi&(ha) + ho€(h1) (7.14)

for any two functions hj, hy € C°°(X). An operator like this is called a deriva-
tion. Note the difference between a ‘derivation’ and a ‘derivation at x’.

Now let’s repeat this on an arbitrary manifold X. Suppose we have a smooth
vector field:
E:X—->TX

At every point we have a tangent vector &|, € T, X, and we have an associated
operator
O, 1 CF(X) =R

which is a derivation at z. If we take a function h € C°°(X) then we can define
a new function
Eh): X =R

by:
§(h) 1 O, (h)

We claim that (unsurprisingly) this new function £(h) is smooth. To see this
we have to look at £(h) in co-ordinates, so pick a chart (U, f). For a given
point z € U, recall that we can evaluate J¢|, (h) by writing both &[, and & in
co-ordinates, i.e. considering

v=Af(¢) and h=hof !

and then applying the operator d¢(y) . to h (or taking the dot product of v with
V¢(dhl|z)). We can also write & in this chart, it becomes the vector field:

£:U—R"
T Ag(Ely-1a)
So if we write the function £(h) in this chart we get the function:

E)o f™': Er 0, 8.0
This is exactly the function :UNE) € C>(U), obtained by applying the vector field
¢ to the function h. Since £(h) is smooth, and we’re working in an arbitrary
S

chart, this shows that £(h) is indeed smooth.
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This means that our vector field £ has given us an operator:
£:C°(X) - C>®(X)

Furthermore the product rule (7.14) holds, because for each point z the operator
¢, is a derivation at .

Definition 7.15. A derivation on a manifold X is a linear map
D:C%X) = C®(X)
such that the product rule
D(h1ha) = hiD(ha) + ha®(hy)

holds for all hy,hy € C°°(X). The set of all derivations on X is denoted by
Der(X).

We've just seen that any smooth vector field £ defines a derivation in Der(X).
The converse is also true:

Proposition 7.16. Any derivation ® € Der(X) defines a (smooth) vector field.

Proof. Pick a ® € Der(X). For a fixed point x € X, we can define a linear

operator
D, : C®(X) - R

by:
Dy :h= (D(R))]s

The product rule (7.14) implies that D|, is a derivation at x, so by Proposition
7.12 it must be the partial derivative operator associated to some tangent vector
in T, X. Hence the function & : z — D], is a vector field on X.

It remains to show that ¢ is smooth. Pick any chart (U, f), then in this chart
& becomes a vector field 5 : U — R™, which we can write as

"9
2537

for some functions €1, .&n : U — R. We need to show is that each of these
functions ¢; is smooth. More specifically, let’s fix a point y € U, set § = f(y) €
U, and prove that each &; is smooth at g.

Let ¢ be a bump function on U which is constantly equal to 1 inside some
neighbourhood W of y, and constantly equal to zero outside some larger neigh-
bourhood. We can use ¢ to extend smooth functions in COO(U ) to smooth
functions on X, just as we did in the proof of Proposition 7.3. In particular if
we take one of the standard co-ordinates z; € C*°(U), we can get a function
xi € C*(X), defined by:

| (wi¢) o f inside U
Xi = 0 outside U

Then if we write x; in the chart (U, f), we get a function x; € COO(U) which
agrees with x; inside the open neighbourhood W of .
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By definition, applying our derivation ® must send each x; to a smooth
function D (x;) € C*°(X). Let’s compute this function ®(x;) inside the open
neighbourhood W = f_l(W) of y. Its value at any point x € W is given by
applying the operator D|, to x;, and we can compute this in the chart (U, f)

and see that

= &ilf@)

D)l = Y&l s
j=1 1 f(x)

since Y; = z; in the open set W. Since D(x;) is smooth, & must be smooth
inside W, and in particular smooth at g. O

So the set of all vector fields on X is exactly Der(X).

Example 7.17. Recall the angular vector field ¢ on S! from Example 6.2,
which takes values:

§|(w,y) = (_y’x)T € T(a:,y)s1 - RQ

Let’s express & as a derivation on S'.

If we use polar co-ordinates (U, f) with domain U = S*\ (—1,0), then we saw
in Example 6.5 that ¢ becomes the constant vector field £ =1 on U = (—m, 7).
As a derivation on U, this is the operator:

£:0%(U) —» C=(U)
dh
T

>

Now let h be a function in C°°(S!). Thinking of ¢ as an operator in Der(S?),
we can apply to h to get a new function £(h) € C°°(S!). Within the open set
U, this function is given by

el = (L2 o s

(and a similar expression holds in other polar co-ordinate charts).

We can be more explicit if we assume that h is the restriction to S* of some
smooth function h € C®(R2). At any point (a,b) € S' we have a partial
derivative operator:

Dj(,,) 1 C(S) 2 R

However since T(, 1) 1 is naturally a subspace of R?, we can also view this as a
partial derivative operator

66\(a,b) : COO(RQ) — R

and this is given by:
+a a—B
0
@ 7

. oh
h —b —
— ox

(a,b)
If h € C>°(R?) then we can either apply the operator 8§|(ayb>, or we can first
restrict to S! to get a function h = 7L|51 € C°°(S1) and then apply the operator;
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it follows immediately from the definition that these two operations produce the
same real number. Consequently, we have:

: W oh
E(hls) = (ygx+gy) e (s

S1
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8 Differential forms

8.1 Omne-forms

A vector field on X is a gadget that selects, for each point € X, an element
of the tangent space T, X. In an analogous way we can define a covector field,
which is something that selects a covector in Ty X for each z € X. Covector
fields are also called one-forms, because they are the first case of a more general
object called a p-form, where p can be any natural number. We will meet
p-forms later on.

Let’s define one-forms precisely, following the same procedure that we used
to define vector fields in Section 6.1. Just as we did for the tangent bundle,
we can take all the cotangent spaces T X for each x € X, and assemble them
together to get a set

X =) X
zeX

called the cotangent bundle. This comes with a projection function
m:T"X - X
which sends a covector u € T} X to the corresponding point x € X.

Definition 8.1. Let X be a manifold. A covector field, or one-form, is a
function
oa: X -T*X

such that Toa = 1x.

So a one-form selects a covector a, € Ty X for every point x € X.

In some ways one-forms are a lot like vector fields. For example, if our
manifold is just an open set U C R", then at each point z € U the cotangent
space TxU is canonically isomorphic to R™, so the cotangent bundle is just:

U 2UxR"

So a one-form on U is a function o : U — U x R"™, and it must be of the form
a = (1y,a) for some some function & : U — R™. This means that on U a
one-form consists of exactly the same data as a vector field. However, on more
complicated manifolds there is a difference, because the way that one-forms
change when we change co-ordinates is different from the way that vector fields
change.

Suppose X is any manifold, and « is a one-form on X. If we choose a chart
(U, f) on X then for any point & € U our co-ordinates give us an isomorphism:

Vi TEX 25 RY

If we restrict « to U then we can look at it in our co-ordinates, and it becomes
a one-form on U given by the function:

a:U—R"
T+ Vf(a|f—1(§:))
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Now suppose we have two charts, and we write « in each chart, so we get
one-forms:
6412U1—>Rn and 6422U2—>Rn

The transformation law for covectors (7.4) implies that these are related by:

d2|f2($) = (D¢12|f2(1'))—r0~41|f1(33) (8'2)

In particular &; is smooth if and only if &y is smooth. So just as we did for
vector fields, we may define a one-form to be smooth iff its expression in any
chart is smooth. From now on we will assume that all our one-forms are smooth.

As we did for vector fields (Proposition 6.6), we could take the transforma-
tion law (8.2) as the definition of a one-form. This means that we can specify a
one-form on X by choosing an atlas A = {(U;, f;)} for X and choosing functions

such that the correct transformation law holds.

Despite their many similiarities, one-forms are probably more important
than vector fields. One reason for this is the following: for any smooth function
h € C*(X), there is an associated one-form on X, denoted by dh.

Let’s understand this first in the easy case when X is an open subset of R™.
Fix a function h € C*°(X). Then for any fixed point z € X, our function h
determines a covector dh|, € TrX, which is is just the equivalence class of h
modulo the subspace R, (X). Since X is an open subset of R™ we can identify
TxX with R™, and then dh/|,, is the vector of partial derivatives of h at the point
x. So we have a one-form:

oh oh
e, )

dh: X — R"
This is a smooth one-form, since the partial derivatives of h are smooth functions
of z. Notice that if we set h to be one of the co-ordinate functions z; € C*°(X)
then dx; is the constant one-form sending every point in U to the standard basis
vector e; € R™, for example dx is the one-form:

xl—>dh|m:<

dzy :z— (1,0,...,0)
This means that if we have any one-form a : X — R", we can write it as
o = adry + ... + anda, (8.3)

where aq, ..., a, € C°(X) are the components of «. In particular, we have

oh oh
dh = —d e + —dz, 4
o0x1 Tt oxy, . (8-4)

which is a very attractive equation.

Now suppose X is an arbitrary manifold. We want to show that for a function
h € C*(X), there is an associated (smooth) one-form dh. The definition is
clear; for any x € X we have a covector dh|, € T X, so we define:

dh: X - T"X
x +— dhl,
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We just need to check that this one-form is smooth. Pick any chart (U, f), then
h becomes a function h € C°°(U). The one-form dh becomes a one-form on U,
given by the function

U—R"
T Vf(dh‘f—l(i)) = Dil|j

i.e. if we write dh in co-ordinates, we get the one-form dh on U. This is always
smooth, so dh is indeed a smooth one-form on X.

Example 8.5. Let X = S?, and let h € C°°(S?) be the function:
h:(z,y,2) s 22

This is the restriction to 52 of a smooth function on R3, so it is smooth. There-
fore there is an associated one-form dh on S2.

Let’s examine dh in co-ordinates. If we use the chart with domain U; =
S2N{z > 0} and co-ordinates fi : (z,y, z) — (y, 2), then h becomes the function
hy=22¢€ C‘X’(Ul). Then dh; is the one-form

dill : 01 — RQ
(y,2) = (0,22)
which we could also write as ~
dhy = 2zdz

(since dz is the constant function taking the value (0,1) at all points). Alterna-
tively we could use the chart with domain Uy = S? N {z > 0} and co-ordinates
fo i (z,y,2) — (z,y). In this chart h becomes ho (r,y) = 1 — 2% —y? and
dﬁg becomes the one-form:

dhy = —2xdx — 2y dy

If we wanted to we could also write down the transition function between these
two charts, and verify the transformation law (8.2).

However, it’s important to realize that not every one-form on X arises as dh
for some h € C*(X).

Example 8.6. Let X = R?, then any one-form on X is of the form
a = ardx + asdy

for two smooth functions a1, € C°°(R?). Now suppose that there is some
h € C*°(R?) such that a = dh. From (8.4) we know that

oh oh
dh = —dz + —d
or T dy 4

which implies:

(3'0&1 - 62h - (90[2

Oy  0xdy Oz
So we cannot hope to find such an h unless a; and s obey this equation (in
fact on R? this equation is a sufficient condition, but that is harder to show).
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The previous example gives an easy ‘local’ condition showing why one-forms
need not be d of any function; the next example shows a more subtle ‘global’
condition.

Example 8.7. Let X = T! = R/Z, and recall the smooth atlas from Example
2.11. This has two charts (Uy, f1) and (Us, f2, having codomains U; = (0,1)
and Uy = (—1, 1), and the transition function is:

¢21 : (0, 2) U (% 1) — (—%,O) [ (O,%)

x, forx<%
T 1
x—1, forxz >3

A function h : X — R is, by definition, a function h: R — R which is periodic,
i.e.:

h(z+n)=h(z), VeeR, neZ
If we look at h in our two charts we just get the function h (restricted to U; or
Us), so h is smooth precisely if A is smooth. So C°°(T*) is the space of periodic
smooth functions on R.

Now suppose « is a (smooth) one-form on T'. If we write it in our two
charts we get smooth functions:

041201—>R and &QZUQ—)R

We could also write these as aidxr and asdzx, since in either chart dx is the
constant one-form with value 1 € R. Now the transition law for one-forms (8.2)
says that these two expressions are related by

d2|¢21(f) = d1|w

since the derlvatlve of ¢a1 is 1 at all points. So &y = &; on the interval (0, 2) and
on the interval (— 2, 2) the function &s is obtained by translating the function

a1. Specifying this data is exactly the same as specifying a (smooth) periodic
function & € C*(R), with:

dl = @|01 and 072 = OAé‘UQ

So on T, a one-form is also the same thing a smooth periodic function on R.
Now pick h € C®(T"), and let h € C*®(R) be the associated periodic

function. Then

- dh
dh = —d
da: v

is a one-form on R, and the coefficient < ﬂ is a periodic function. If we look at h

in either of our charts we get fL, so if we look at the one-form dh in either chart

we must get dh. So % is the periodic function associated to the one-form dh.
Now let & € C"X’( ) be any periodic function. Is there a periodic function h

such that & = Zh ? In other words, if o is the associated one-form on T, is there
a function h € C°°(T") such that dh = a? If there is, then by the fundamental
theorem of calculus we have:

1 1 47
/ ddsc:/ @daﬁ:h(l)—h(O):O
0 0 d:C
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But there are plenty of periodic functions that do not satisfy this, for example
the constant function & = 1. So most one-forms on 7' do not come from
functions in C>°(T1).

The second reason that one-forms are important is because they behave
nicely with respect to smooth functions between manifolds. Suppose

F:X—=Y

is a smooth function between two manifolds, and we have a one-form « on the
manifold Y. We claim that there is an associated one-form F*« on the manifold
X, called the pull-back of « along F.

To understand this, we first have to understand the dual of the derivative.
Fix a point « € X, and let y = F(x) € Y. We have a linear map

DF|, : T, X - T,Y
so we have a dual linear map:
DF[; - T;Y - T; X
If we unpack the definitions, this turns out to be something very simple.

Lemma 8.8. Let F: X — Y be smooth, fix x € X and let y = F(x). Take
a function h € C*(Y), so we have a smooth function ho F € C*(X). Then
DFY; sends the covector dhl, € TyY to the covector d(ho F')|, € Ty X.

Proof. Exercise. O

If we choose charts around z and y then we can identify both T,X and
Ty X with R™, and both 7Y and T,;Y" with R* (here n is the dimension of X
and k is the dimension of Y'). We know that if we do this the derivative DF|,
becomes identified with the Jacobian matrix DF| f(x) Where F is F written in
these charts; consequently DF|% must become identified with transposed matrix
DF |;( o) One can also deduce this easily from the above lemma: in these charts

d(h o F)|, becomes the vector
D(ho F)|; = Dh|3DF|;

where z, y and h are the points x and y and the function kA written in our chosen
charts. This equation expresses a row-vector being transformed into a new row
vector by a matrix acting on the right, so we must transpose it to express it in
terms of column vectors.

Now we define the pull-back of a one-form.

Definition 8.9. Let F' : X — Y be smooth, and let a be a one-form on Y.
The pull-back of « along F' is the one-form on X defined by:

F*a: = DF[3(a|p@))

Of course we need to check that F*« is a smooth one-form. Let’s start with
the case where X is an open set U C R” and Y is an open set V C R¥, and we
have a smooth function:

F=(F,..F): U=V
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Then a one-form a on V is just a smooth function a : V' — RF. If we pick a
point z € U then the linear map DF|} is just the transpose of the Jacobian
matrix of F' at z, so the pull-back of a along F' is given by:

Fra: U —-R"
23 (DF[.) " alpe

This is smooth, since we are multiplying a vector of smooth functions by a
matrix of smooth functions. Now we can let X and Y be any two manifolds; to
check that F*« is smooth we have to pick charts, but then the question reduces
to the situation that we just considered. So F*« is indeed smooth.

It’s helpful to examine what this pull-back operation looks like when we
write our one-forms in the style (8.3). Assume again that F : U — V is a
smooth function between open subsets of R™ and R*, and let (F1,..., F}) be
the components of F. Write z1, ..., z, for the standard co-ordinates on U, and
Y1, ..., Y for the standard co-ordinates on V.

We saw before that dy; is the constant one-form on V' which sends every
point to the jth standard basis vector in R*. If we pull it back along F, it
becomes a one-form on U given by

T

eR"”

Frdy; : z+— <8Fj aFj)

Oxy’ 7 Oxp

z
since this expression is the jth column of (DF|,)T. We may also write this as

OF); OF;
Frdy; = 6—2; dry + ... + 8:17] dzx,, (8.10)

which is another nice equation. A general one-form a on V' can be written as

a = aydy; + ... + ag dyk
for some aq, ...,ap, € C*°(V), and then
Fra = (a1 0 F)(F*dy1) + ... + (o o F)(F*dyx) (8.11)
since the value of [« at a point z € U depends linearly on o|p(.).

If your one-form happens to be of the form dh for some function A then there
is another way to say what its pull-back is.

Lemma 8.12. If F: X — Y is a smooth function and h € C*(Y) then:
F*dh = d(h o F)
Proof. This follows instantly from Lemma 8.8. O

Notice that the equation (8.10) is actually a special case of this lemma. If
we take a smooth function F : U — V between open subsets of R” and R¥, then
the component F7 € C°°(U) is the composition of F with the jth co-ordinate
function y; € C*(V). So:

. n OF:
F dyj = dFj = Z axz dxl
i=1
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Example 8.13. Consider the inclusion map ¢ : S? — R3. Let z,y, z be the
standard co-ordinates on R3, and let o be the one-form:

a=2zdz

Then *« is a one-form on S2.
Let’s look at t*« in co-ordinates. Let’s use the chart (Us, fa) on S? from
Example 8.5, and the trivial chart on R3, and then the map ¢ becomes:

L: (l',y) = ($7y, V 1— a2 _y2)
By (8.10) we have
tdz = ———(zdz + y dy)

1—z2—y2

so by (8.11) we have:
Fa=2(zo0)i"dz = —2(zdz + ydy)

Alternatively, we can observe that o = dh, where h € C°°(R3) is the function
ﬁ(m,y,z) =22 Ifwelet h=ho, = iL|Ss, then Lemma 8.12 says that .*dz = dh.
So to find the expression for t*« in the chart (Us, f2) we can write down the
expression hs for h in these co-ordinates, and then compute dhs. This is what
we did in Example 8.5, and we got the same answer:

dhy = —2x dx — 2y dy

It’s worth noticing that the transformation law for one-forms (8.2) is actually
a special case of this pull-back operation. Suppose we have two charts (Uy, f1)
and (Us, f2) on X, so we have a transition function:

pa1 : fr(U1 NTs) — fo(Ur NTUy)
Now pick a one-form « on X, which in our charts becomes:
a1:U; »R"  and  ap:U; - R"
Then on the overlap, the one-forms &; and &s are related by pull-back along
the inverse transition function ¢2, i.e. we have
Qo = P10

on the open set fo(U; N Us).

8.2 Antisymmetric multi-linear maps and the wedge prod-
uct

Our next goal is generalize one-forms to p-forms, where p can be any natural
number. We have to start by discussing quite a lot of multi-linear algebra for
vector spaces, but once we've got that out the way the definition of p-forms on
manifolds will be quite easy.

Let V be a vector space, of dimension n. We’ve previously consider the dual
space of all linear maps u : V' — R, now we’re going to consider bilinear maps

b:VxV =R
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i.e. maps which are linear in each argument. If we choose a basis eq, ..., e, for
V then b is determined by its values on each pair of basis elements, and we can
view this data as an n-by-n matrix B with entries:

Bij = b(es, e;)

Conversely any such matrix B specifies a bilinear map b, by extending linearly
in each argument. The space of all such bilinear maps forms a vector space
under point-wise addition and scalar multiplication, and once we choose a basis
for V this vector space becomes identified with the vector space Mat, «,(R). So
its dimension is n2.

In fact we’re only going to be interested in antisymmetric bilinear maps,
which means that

b(v,0) = —b(0,v)

for all v,9 € V (which means in particular that b(v,v) = 0 for all v). If we
choose a basis for V, these correspond to antisymmetric matrices. It’s easy to
check that the antisymmetric maps form a subspace of the space of all bilinear
maps, so the set of all antisymmetric bilinear maps is a vector space. We denote
it by:
/\2‘/*

Now suppose we have two elements u, 4 of the space V*. We can combine them
to form an element of A2V*, by setting:

uANw: VXV =R
(v,0) = u(v)a(0) — u(d)a(v)
Clearly u A @ is an antisymmetric bilinear map. We call it the wedge product of
u and 4. This wedge product is an important structure, we can think of it as a
kind of ‘multiplication’:
AV XV APV?
(u, ) — u A

It’s a straight-forward exercise to check that this product is itself bilinear. It’s
also antisymmetric, since it’s clear from the definition that:

uNUL=—TUAu

Now pick a basis ey, ...,e, for V, and let €1, ..., €, be the dual basis for V*.
Choose a pair i, j € [1,n] with ¢ < j, and form the bilinear map €; A¢; € N2V*,
Applying this to pairs of basis vectors in V' we get:

1, s=diandt=j
€ Nej(es,ep) — -1, s=jandt=1
0, otherwise

So € A €; corresponds to the matrix with a 1 in the (4,7) position (which is
above the diagonal), a —1 in the (j,¢) position (which is below the diagonal),
and zeroes everywhere else. Clearly this set of matrices forms a basis for the
space of all antisymmetric n-by-n matrices, so the set

{einej;i<j}c AN V*

82



is a basis. In particular, we have:

. 27 7% n
dim A“V* = (2)

We can use these bases to describe the wedge product explicitly. If we take two
elements

U= A€+ ...+ Aen and U= pre1 + ... + pine, € V*

(here Ay, ..., A, and pq, ..., 4y, are just real numbers) then their wedge product

1S:

uNU = ()\LMQ — /\2,[1,1)61 N €2 + ()\1,[13 — )\3[1,1)61 AN €3 + ...
.+ ()\nfl,uln - Anﬂnfl)enfl A€

Example 8.14. Let V = R3, and ey, €2, e3 be the standard basis. Then V* is
also R?, and €1, €, €5 is again the standard basis. The dimension of A2V* is

(g) = 3, and it has a basis:

{62 A\ €3, €1 A €3, €1 A 62}

Using these bases, the wedge product of two vectors (A1, Ao, Az) and (p1, o, f13)
is:
(Naptz — Azpra, A1z — Aspir, Aipiz — Aafir)

If we flip the sign of the basis vector €; A €3, then the formula above becomes
the usual cross-product of vectors in R3. This explains why there is no direct
analogue of the cross-product in other dimensions, since if n # 3 then (’;) #*
n. In other dimensions, the ‘cross-product’ of two vectors is really the wedge

product, and it lands in R(),

We know that a linear map F' : V — W induces a dual linear map F* :
W* — V*. It also induces a linear map

NF* NPWH = NPV

defined by
N*F*(b) : (v,0) = b(F(v), F(d)) €R

for b € A2W* and v, € V. Tt’s easy to check that A?F*(b) really is an element
of A2V*, and that A2F* really is linear in b. In terms of matrices, moving from
F to A’F* is a rather complicated operation that turns a k-by-n matrix into
an (7)-by-(5) matrix (you have to take the determinants of each 2 x 2 minor),
it’s generally easier to work with the abstract definition.

It follows immediately from the definition that if F/: V — Wand G: W — U
are two linear maps then we have:

A% (G o F)* = N F* o N2G*

In particular, if F is an isomorphism, then so is A2F*. If you know what a
functor is, this says that the operation which sends V to A*V* is a contravariant
functor (as is the operation which sends V to V*).
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Now fix a natural number p. We’re going to generalize from A2V* to APV*,
For any p we can consider p-linear maps from V to R:

c:V*? 5 R

where V*P means V X ...(p times)... x V. If we choose a basis ey, ..., e, for V
then c gives us a ‘p-dimensional array’ of numbers

Cil,...,i,, = c(eil,..., eip)

by evaluating ¢ on each p-tuple of basis vectors, and conversely any such array
of numbers determines a p-linear map by extending linearly in each argument.
Hopefully it’s clear that the set of all p-linear maps from V to R is a vector
space, of dimension nP.
We say that c is antisymmetric if ¢ flips sign when we swap any two of its
arguments, i.e.
C(Ul, ceey Up) = _C('Uo—(l)a ceey Uo(p))

for any transposition o acting on the set {1,...,p}. In particular this means that
if we set any two of its arguments to be the same vector, then ¢ must give the
answer zero. If we apply a more general permutation o € S, we must have:

(V1,00 0p) = (—1)7€(Vo (1) s Vo (p))

where (—1)7 is our notation for the sign of the permutation o.
The antisymmetric maps form a subspace of the space of all p-linear maps
from V to R, and we denote this vector space by:

NPV*

Note that in the case p = 1 the antisymmetry condition is vacuous, so A'V* is
just V*.

We've seen that two elements of V* can be ‘wedged’ together to get an
element of A2V*. Similarly, if we have p elements u,, ..., up of V*, then we can
combine them to get an element of APV*, which we denote by uy A ... Au,. We
define it to be the map

U Ao Ay VP - R

which sends a p-tuple (vy, ...,v,) to the real number:

> (DU (Vo) - up(ve(p) ER (8.15)

o€S)

This map is clearly linear in each argument, and by construction it’s antisym-
metric, so it is indeed an element of APV*.
Hence we’ve defined a ‘p-fold wedge product’:
(V*)*P — NPV
(Uty ey Up) UL A Ay
This product is p-linear and antisymmetric, since the expression (8.15) is linear

in each u;, and changes sign if we switch any u; and u;. In particular if any two
u; and u; are equal then we get the zero element of APV*.
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Now suppose we choose a basis e, ..., e, for V, so we get a dual basis €1, ..., €,
for V*. We can produce elements in APV* by picking an p-tuple (i1, ...,4,) of
integers in [1, 7] and then forming the wedge product €;, A... A¢;,. If any entries
in our p-tuple are repeated then this product must be zero. If our p-tuple
contains no repeated entries, then it must be of the form (o(j1),...,o(jp)) for
some ‘correctly-ordered’ p-tuple j; < ... < j, and some permutation o € S,,.
Then antisymmetry implies that:

€otiny A Aoy = (=1)7€j Ao Aey,

So up to sign, this procedure creates one element of APV* for each subset of
[1,n] of size p.

Proposition 8.16. Let eq,...,e, be a basis for V, and let €4, ..., €, be the dual
basis for V*. Then the set of elements

{67;1/\67;2/\..../\61'17 | 1§21<22<<2p§n} C NPV*

dim APV* = (”)
D

If V =R"™ and ey, ..., e, is the standard basis, then this proposition provides
us with a basis for the space AP(R™)*. This means that we can identify AP(R™)*
with RG) if we wish, but this is not quite canonical, since there’s no preferred
way to order the basis vectors in AP(R™)*.

is a basis. In particular:

Proof. Choose a ‘correctly-ordered’ p-tuple iy < ... < i, with each entry in
[1,n], and form the p-linear map €;, A ... Ae;, € APV*. Now take an arbitrary
p-tuple (j1,...,Jp) of numbers from the set [1,n], and consider evaluating the
map €;, A ... A€, on the p-tuple of basis vectors

(ejl,...,ejp) S VXp

using the defining formula (8.15). We can only get a non-zero result if the p-
tuple (j1,...,Jp) is a permutation of the p-tuple (i1,...,4p), in particular there
must be no repetitions in the first p-tuple. So we have

€y N NE€i, (eig(l), ---,61‘6@)) = (=1)7

for each o € S, and it vanishes on every other p-tuple of basis vectors.

A general antisymmetric p-linear map c is determined by its values on each p-
tuple of basis vectors for V. It must vanish on p-tuples containing any repetition,
and if j; < ... < jp is a correctly-ordered p-tuple then we must have

. . . J— ag . .
c: (eh(l),...,e]”(m) = (=1)7c(ejy s -.r€5,)
for each o € SP. This means that ¢ can be written as a linear combination
c= g c(Ciys s €iy)€iy N Neg,
11 <...<ip

since both sides agree on any p-tuple of basis vectors for V.

This shows that this set of elements span APV*. Futhermore if some linear
combination of them gives the zero map then each coefficent must be zero, so
they're linearly independent. O
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So the spaces APV™ initially get larger as we increase p, but once p > n/2
then they start to get smaller again, and indeed we have a symmetry

dim APV* = dim A" 7PV*

for 1 < p <n—1. The space A"V* is only 1-dimensional, so there is a unique
antisymmetric n-linear map from V to R, up to scale. For p > n the space
APV* is zero-dimensional, so there are no antisymmetric p-linear maps at all,
except for the zero map.

We can extend the definition down to p = 0 by declaring that A\°V* = R.
This is analogous to the rule that z° = 1 for real numbers, and it satisfies
dim A°V* =1= ().

An element of APV™* is called decomposable if it lies in the image of the
‘p-fold wedge product’ (V*)*P — APV* i.e. if it can be written in the form
ui A ... Aup. Proposition 8.16 implies that any element of APV* can be written
as a linear combination of decomposable elements. However, it is not true that
every element is decomposable (see Problem Sheets).

If F:V — W is a linear map, then we get an induced linear map
NPE* - NPW* — NPV
just as we did in the case p = 2, by defining;:
APE*(c) : (v, ..., vp) > ¢(F(v1), ..., F(vp))

Again it’s immediate that AP(G o F)* = APF* o APG*. For a decomposable
element ¢ = u; A ... Auy, it’s easy to check that

APF*(uy A o Aup) = (F*(u1)) A oo A (F* (1)) (8.17)

(apply both sides to any p-tuple (v1,...,v,) € V*P and check that they give the
same number). We extend down to the case p = 0 by declaring that for any F,
the map A°F* is just the identity map from A°W* = R to A°V* =R.

If we try to understand APF™ in terms of matrices then it gets rather com-
plicated, but there is one simple special case which we’ll now explain. Assume
that dimV = dim W = n, and consider A" F*. Pick bases eq,...,e, for V and
f1s ey fro for W, so we can express F' as a matrix M € Mat,, x,(R) where:

Fieg= Miifi+...+Myifn

Now let €1,...,e, € V* and ¢, ...,¢, € W* be the dual bases. We know that
A"V* and A"W™ are both one-dimensional, with basis vectors €; A ... A €, and
@1 N... A, S0 the ‘matrix’ describing A" F* is a single real number. To compute
this number, we observe that

AnF*(¢1 A A an) : (61, ceny €n) — ¢1 VANRTRIVAN (,an (F(el), ,F(en))
= Z (_l)g(rbl (F(ea(l)))¢n(F(eU(n)))

o€Sy

Z (_1)UM1,0'(1) -~-Mn,a(n)
o€S,

= det(M)
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SO:
AVF*(p1 A oo A pp) = det(M) er Ao Neg (8.18)

This is an important observation that we will use later on.

The next thing we want to do is extend the wedge product to give a bilinear
product
APV* x NIV* — N\PHIY* (8.19)
for any p and ¢. It is possible to write down an explicit formula for this product,
but it’s not very enlightening, so instead we’re going to approach it indirectly.
Suppose we have two decomposable elements:

U Ao Ay € APV and U Ao ANy € NIV™
Clearly we would like their wedge product to be given by:
(ur Ao Aup) A (G A Allg) = ur A A Al Ao Al

Since everything is a linear combination of decomposable elements we should
be able to extend this rule bilinearly, and define the wedge product of any two
elements. However it’s not immediately obvious that this is well-defined, because
the expression of an element in APV™* as a linear combination of decomposable
elements is not at all unique.

Alternatively, we could fix a basis for V', and use the induced bases for all
the APV*’s as above. Then if we take a basis vector €;, A ... A¢;, in APV*, and
a basis vector €;, A ... A¢j, in AV, their wedge product should be:

€y N A €, NEj N A €, € APFay* (820)

This product is zero if the two subsets {i1, ...,i,} and {j1, ..., jo} C [1,n] are not
disjoint. If they are disjoint, there’s some ‘shuffle’ permutation o € 5,1, that
returns the (p+q)-tuple (i1, ..., 44, j1, ..., jq) to its correct order, and the product
(8.20) is equal to (—1)7 times the corresponding basis vector in APTIV*.

This rule defines the wedge product (8.19) on each pair of basis vectors,
then we can extend bilinearly. This approach is perfectly well-defined, but it’s
not obvious that it doesn’t depend on our choice of basis. The next lemma
says that both of these approaches work and give the same thing; so the first is
well-defined, and the second is basis-independent.

Lemma 8.21. For each p, q there is a unique bilinear map from NPV* x N1V*
to APTIV* which makes the following triangle commute:

(V)P x (V) X0 —— APV* x ATV*

|

APy

Proof of Lemma 8.21. Suppose we’ve found such a bilinear map (the vertical
arrow in the triangle). Choose a basis €y, ..., €, of V*. If we take any two basis
vectors €;, A ... A€, € APV* and €;, A ... Aej, € NV* then commutativity
of the triangle forces the product of these two basis vectors to be given by
the expression (8.20), and then bilinearity determines all other products. This
proves uniqueness.
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Now we prove existence. Pick a basis again, and define a map APV* x AIV*
to APT9V* by applying the rule (8.20) for each pair of basis vectors, and then
extending bilinearly. We have to check that this product really does make the
triangle commute, and by multi-linearity it’s sufficient to check this on any
(p + q)-tuple (€, ...,€,,¢€;5,,..,€j,) of basis vectors for V*. If any entries are
repeated in this (p + ¢)-tuple then going either way around the triangle gives
the answer zero. If no entries are repeated then going either way around the
triangle gives & the corresponding basis vector in APT9V*, so we just need to
check that the signs match. If go diagonally across the triangle then we get the
sign of the permutation o € Sy, that restores this (p + ¢)-tuple to its correct
order. We can factor o as ‘first correctly order (i1, ...,%,), then correctly order
(41, -, Jq), then shuffle them together’, and this corresponds exactly to the sign
that we pick up by going the other way around the triangle. O

This extended version of the wedge product behaves very nicely, as the next
proposition shows.

Proposition 8.22. (i) For any ¢ € NPV*, ¢ € NV* and ¢ € N"V*, we
have:
ch(ene) = (cAe)Ae e \PTatry»

(i) For any ¢ € NPV* and é € NTV* we have:
chée=(=1)PleNe € NPTIV*
(iii) If we have a linear map F : U — V then for any c € A\PV* and ¢ € N1V*

we have:
ANPTIF*(c N é) = (/\pF*(c)) A (/\qF*(é))

Proof. By bilinearity it’s sufficient to check all properties on decomposable ele-
ments:

c=uUi N ... \Up, C=11 N ... N, c=u A... \,

Property (i) is obvious. Property (ii) just says that the sign of the permutation
((p+1)...(p+q)1....p) € Sptq is (—1)P. Property (iii) follows immediately from
the observation (8.17). O

We can also extend the wedge product down to the case when p = 0 (or
q = 0), by declaring that if A\ € A°V* =R and ¢ € AYV* then A A ¢ is just Ac,
the scalar multiple. It’s trivial to check that the properties in Proposition 8.22
continue to hold in this case.

If we take the direct sum of all our APV*’s we get a single vector space
n
AV* =P Arve
p=0

called the exterior algebra of V*. We can give A*V* a (bilinear) multiplication
by using our wedge product for each component. Property (i) in Proposition
8.22 says that this structure is an associative algebra, and it has a unit 1 €
A°R. Property (ii) in the proposition says that this algebra is supercommutative.
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Property (iii) says that A® is a contravariant functor from vector spaces to
algebras.

If these words are unfamiliar, don’t worry, you may safely ignore the last
paragraph.

8.3 p-forms

Finally we can return to manifolds!

If X is a manifold of dimension n, and x is a point in X, then we have a
vector space T, X. Hence for any p > 0 we may form the vector space of all
p-linear antisymmetric maps from T, X to R, and this is conventionally denoted
by:

NPT X
(rather than AP(T,X)*). In the case p = 1 we know that A'(T,X)* is just
(T, X)*, but this is precisely the cotangent space Ty X (Proposition 7.8). So
at each point z € X we have a sequence of vector spaces, starting with the
cotangent space to x, and ending with the 1-dimensional space A"T;X. We
can also go down to p = 0, since our convention says that /\OT;X =R

If we let x vary, we can form the set

NPT X = | NTiX
rzeX

which is called the p-th wedge power of the cotangent bundle. This comes with
a projection map 7 : APT*X — X which maps an element of APT*X down to
the corresponding point = € X.

Definition 8.23. A p-form on X is a function « : X — APT*X such that
mToa=1x.

So a p-form selects an element of APTX for each x € X. If we don’t wish
to specify p we can use the phrase differential form, which means a p-form,
for some p. In the case p = 1 we recover one-forms. Also notice what happens
in the case p = 0: since /\OT;X = R for all points z € X, the set A°T*X is
simply X X R, and a O-form is just a function from X to R.

We still need to give a definition of a smooth p-form, but this is very similar
to the story that we saw for vector fields and one-forms. If our manifold is
just an open set U C R™ then each tangent space T,U is just R™, so APT U
is canonically isomorphic to AP(R™)*. Recall that this is a vector space of
dimension (;‘), and it has a ‘standard basis’ provided by Proposition 8.16. So

APT*U = U x AP(R™)*

and a p-form on U is the same thing as a function from U to AP(R™)*. If
we want to we can identify AP(R™)* with R(:) by choosing an ordering of the
standard basis, then a p-form on U is just a function from U to R(). So we
know what it means for a p-form on U to be smooth.

Now suppose X is an arbitrary manifold, and we choose a chart (U, f) on
X. Then for each € U we have an isomorphism Ay : T, X —5 R™, so we get
an induced isomorphism

AP (A;l)* D APTEX 5 AP(R™)*
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(in the case p = 1 this the usual isomorphism (A;l)* = Vy). If a is a p-form
on X then we can look at it in these co-ordinates, and it becomes a p-form

a:U — AP(R™)*
z e AP (Afl) (alf-1())

on U. If we change co-ordinates by some transition function ¢o1, then the two
expressions for a will be related by applying the linear map

AP (Dol )"+ AP(RP)* — AP(R™)* (8.24)

at each point. This is a matrix of smooth functions (of size (Z) X (Z)), so if «
looks smooth in the first chart then it will also look smooth in the second chart.
So just as we did for vector fields and one-forms, we may define a smooth p-form

on X to be a p-form that becomes smooth when we write it in any chart.

If we have a p-form «, and a g-form 3, then we can ‘wedge them together’
by forming their wedge-product at every point. This gives us a (p + ¢)-form:

aAp: X = NPHT*X
T al, APl € APTITEX

We claim that if @ and § are smooth then a A 3 is also smooth. As usual we
only need to check this claim in the special case that our manifold is an open set
in R™, because on any other manifold we just pick a chart and then it reduces
to that case. So let’s examine this ‘wedging’ process in that special case.

Let X = U C R™ be an open subset, and let z1,...,x, be the standard
co-ordinates on U. Recall that each co-ordinate function z; € C*°(U) gives us
a constant one-form dx;, and at any point z € U the covector dz;|, is the jth
standard basis vector in T7U = R™. This means that if we take a correctly-
ordered p-tuple ¢; < ... < ip, and form the function

drg, A ... Ndx;, : U — NAP(R")*

then at any point z € U this function just gives us one of the standard basis
vectors in AP(R™)*. This is a constant function, so it’s certainly smooth, and
so this is a smooth p-form.

A general p-form on U is given by some smooth function o : U — AP(R™)*,
so it has one component oz € C*°(U) for each correctly-ordered p-tuple i =
{i1 < ... <ip}. Then we may write o as

o= Zai dxi, A ... Ndx;,
i

where i runs over all correctly-ordered p-tuples.
Now we can look at the wedge product of two differential forms on U. For
example, if we have two 1-forms

o= aidxy + ... + apdx, and B = pidxy + ... + Bpdr,

then their wedge-product is the two-form:

alf= Z(a’ﬂj —;f3;) dx; A dxj

1<j
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All the coefficient functions are obviously smooth. In general, if we wedge
together a p-form « and a g-form 8 then the coefficient functions for o A 8 will
be linear combinations of products of the coefficient functions for o and 3, so
this is inded a smooth (p + ¢)-form.

So on a general manifold, we have a ‘wedge product’ on smooth differential
forms. Moreover it follows instantly from parts (i) and (ii) of Proposition 8.22
that we have

aNB=(-1)PBA

and
(@ANB)ANy=aNn(BAY)

for any p-form «, any ¢-form (3, and any r-form ~. As a special case we can
‘wedge’ a p-form o with a O-form, and this just means we multiply « by a
function h € C*(X).

If have a smooth function F' : X — Y between two manifolds, then we’ve
already seen that we can pull-back 1-forms along F'. This is also true for p-forms,
since if « is a p-form on Y then we can define a p-form on X by:

Fra: X - NPT"X
T — /\p(DF|I)* (Ot|F(w))

We need to check that F*« is smooth, but we should first note that it follows
immediately from Proposition 8.22(iii) that

F*(a A B) = F*(a) A F*(B) (8.25)

for any two differential forms « and 5 on Y. Now it is easy to check that F*«
is smooth, because in co-ordinates we can write « as a linear combination of
wedge products of one-forms, but we know that the pull-back of a one-form is
smooth, and that the wedge-product of any differential forms is always smooth.

Notice that if « is just a zero-form, i.e. an element of C*°(Y'), then F*« is
just o F € C*(X). This is because by definition A°(DF|,)* is always the
identity map on R.

Example 8.26. Let U = R~ x (—m,7) C R?, and consider the smooth function

F:U—R?
(r,0) — (rcosf,rsinf)

(the inverse to polar co-ordinates). The one-forms dx and dy on R? pull-back
via F' to give one-forms

F*dx = cosfdr — rsinf do and F*dy = sinfdr + r cos 6 db
on U, so the 2-form dz A dy must pull-back to give the 2-form:

F*(dz A dy) = (cosfdr —rsinf) A (sin6dr +rcos 6 df)
=rcos®@dr A df — rsin®6df A dr
=rdrAdf
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We noted earlier that the transformation law for one-forms is actually just
‘pull-back along the transition function’, and the same thing is true for p-forms.
Suppose we have a p-form « on X, and we write it in two different charts, so we
get p-forms &y on U, and a9 on Us. Then the transformation law (8.24) says
exactly that

Qg = ¢l
(on the open set fo(U; NUy) C Uy). As for vector fields and one-forms, we could
take this transformation law as the definition of a p-form if we wished.

If we try and write this transformation law explicitly in terms of the Jacobian
matrix D1z, (z) then it generally gets rather complicated. However, it is very
easy in the special case of n-forms (where n = dim X). If « is an n-form, then
in each chart « just becomes smooth functions:

dliﬁl—)R and dg:Uz—)R
By our observation (8.18), on the overlap these functions are related by:

Azl fy(2) = det (Dl gy () Gl s (o) (8.27)

So n-forms transform by the determinant of the Jacobian matrix of the transition
function.

Example 8.28. Look again at Example 8.26. We have det DF |, g) = r, so
F*(dx AN dy) = det(DF)dr Adf = rdr A df

as we saw before.

8.4 The exterior derivative

There is an extremely important operation that can be performed on differential
forms, called the exterior derivative.
Let’s denote the set of all (smooth) p-forms on X by:

QP (X)

This is a vector space, and it’s clearly infinite-dimensional, because we can
produce a huge number of p-forms on X by picking a p-form in some chart and
then extending it to X with a bump function. In the case p = 0, we have that
Q°(X) = C>(X), since O-forms are just smooth functions from X to R. Now
recall that for any smooth function h € C*°(X) we produced a one-form dh,
and in co-ordinates this is given by:

oh oh

dry + ... + —d=x,

dh =
0x1 oz,

So we have an operator:

d: Q°(X) = QYX)
h — dh

What we want to do is extend this to an operator

d: QP(X) — QPTH(X)
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for all p.

We’ll begin by assuming X is an open set U C R", and we'll let x4, ..., z,
be the co-ordinate functions on U. Suppose we have a p-form « which has only
one non-zero component, so

a=ajdzy A...Ndz;,

where i = (i1 < ... <1p) is a single correctly-ordered p-tuple, and a; € C*(U).
Then we define:

do = doy ANdxy, Ao ANdxy,

n a .
-y aj daj Adag, A A da;, (8.29)
j=1""

Some of the terms in this sum will be zero, since when j is equal to one of the i;
then that wedge product of one-forms is zero. So there will be one (potentially)
non-zero component of da for each j which does not appear in the p-tuple i,
and if we want to write it in terms of our standard basis then we pick up a £1
when we apply the permutation which returns the (p + 1)-tuple (j, 41, ..., %,) to
its correct order.

The expression (8.29) is linear in ¢4, so we can extend it to a linear operator:

d: QP(U) — QPHH(U)

Together, these operators are called the exterior derivative (or the de Rham
differential).

Example 8.30. Let X = R3, with co-ordinates =,y and z. If we have a one-
form a = ay dy for some ap € C°°(R?), then:

da:%dx/\dy—%dy/\dz
ox 0z

More generally, if
a=a1dr+ azdy + azdz

then:

- 80@ aal 6a3 8a1 3043 8a2
da—(ax 8y>dm/\dy+ (890 s >d:v/\dz+ <8y 9% )dy/\dz

You might recognise this formula - if we flip the sign of middle term, which we
can do by deciding to write things in terms of dz A dx instead of dz A dz, then
this is the formula for the curl operator Vx which turns a vector field on R3
into another vector field on R3. However it’s more natural to interpret it as an
operator that turns one-forms into 2-forms.

The exterior derivative has many nice properties.

Proposition 8.31. (i) For any o € QP(U) we have:

d(da) =0 € QP 2(U)
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(i) For any o € QP(U) and § € QI(U) we have:

dlaAB)=daAB+(~1)Pandd € QP (D) (8.32)

(i4) If V is an open set in R* and F : U — V is a smooth function, then for

any o € QP(V') we have:
d(F*a) = F*da € QP(U)

A good way to remember the sign in part (ii) is to pretend that the symbol
d behaves a bit like a one-form, so if we want to permute it past the p-form
a then we pick up a sign (—1)P. Notice that (8.32) is formally similar to the
product rule for derivations, and in fact d is indeed a ‘derivation’ in a more
general sense.

Proof. (i). By linearity it’s enough to prove the result for an « which has a

(ii).

single component «; for some i. Applying the formula (8.29) twice, we get
the (p 4 2)-form:

n n 8204i
d(do) = > > Dondr; Az A dzj Adag, A ... Adg,
m=1j=1 .

This sum has a (potentially) non-zero term for every pair m,j such that
m # j and neither m nor j appear in i. However, the double partial
3oy
Bzm%zj
dz; is antisymmetric in m and j, so these terms cancel in pairs.

derivative

is symmetric in m and j, and the wedge product dz,, A

Firstly suppose that a and g are just zero-forms, i.e. elements of Coo(ﬁ ).
Then (8.32) says that
d(af) = fda+ adp

(since for zero-forms the wedge-product is ordinary point-wise multiplica-
tion), and this is true by the product rule for partial differentiation.

Now let @ € C*°(U) be a zero-form, and let 8 be the constant g-form
dxs, A ... Ndx;,. Then the formula (8.29) says that d = 0, and it also says
that
d(adz; A ... Ndx;,) = da Ndxg, A ... Ndag,

so this special case of (8.32) is also true.
Now let a be a p-form with a single component, and 8 be a g-form with
a single component, so

a=aidry A..Ndx;, and B = Bjdrj, A...Ndxj,
with o4, 85 € C*°(U). Then:

d(a A B) = d(cufydai A ... Nda;, ANdaj, A ... Ad)
= (Bjda;s + oz dfB;) Ndxy, A ... Ndxg, Ndzj A Adxj,
= (dag ANdxgy A ... Ndxg,) N (B dzy A .. Adxj,)
+ (=D)P(aidzg, Ao Ndxg,) A (dBy Adxg, A ... Adxj,)
=daAp+(-1)Pands

So by linearity (8.32) holds for any p-form and any g-form.
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(iii). We’ve already proved the case p = 0 in Lemma 8.12, since if « is a zero-
form then F*« is just a o F. Now suppose a = ajdz;, A ... Adw;, is a
p-form with a single component. Then

Fra= (o F) (F*dx) A ... N (F*dx;)

by (8.25). Now for any k, we have F*dx), = d(xy o F') by Lemma 8.12, so
d(F*dxy) = 0 by part (i) of this proposition. Then repeatedly applying
part (ii) of this proposition shows that:

d(F*a) = d(ajo F) A (F*dx;,) A ... A (F*dx;,)
Hence

d(F*a) = (F*dog) N (F*dxs ) A ... A (F*da;,)
=F* (dai Adxiy Ao A da?ip)
= F*da

as required.

O

Now we want to define the exterior derivative on an arbitrary manifold X.
Obviously, when we work in co-ordinates it should reduce to the operations
that we’ve just defined. In fact, this requirement is a valid way to define the
operation d on X.

Lemma 8.33. Let a € QP(X) be a p-form. Then there exists a unique (p+1)-
form doa on X such that, for any chart (U, f) on X, when we write da in this
chart we get

da € QPYH(D)

where U is the codomain of the chart and & is the expression for « in this chart.

Proof. Consider the rule that assigns to any chart (U, f), the (p + 1)-form d&
on U. We claim that this rule is actually a (p+ 1)-form on X in the ‘physicist’s’
sense, i.e. it obeys the correct transformation law when we change co-ordinates.

So we just need to check that da transforms correctly. If we have two charts
(Uy, f1) and (Uz, f2), then in each chart the p-form « turns into two smooth
functions &; and ég from U to AP(R™)*. These functions are related by the
transformation law

G2 = @1yt
where the two charts overlap. But by Proposition 8.31(iii), we have
das = ¢p1,dan

and this is the correct transformation law for a (p + 1)-form on X. O

We have shown that on any manifold X, and any p, we have a exterior
derivative:
d: QP(X) — QPTHX)

Futhermore it’s immediate that the three properties listed in Proposition 8.31
all hold, since each of them can be checked in co-ordinates.
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You might (in fact you should) find the previous proof a bit unsatisfactory,
it would be better to find a definition of d that didn’t rely on picking charts. It
is possible to give such a definition, but it’s not very straight-forward.

The main use for the exterior derivative is to define de Rham cohomology.

Definition 8.34. Let o € QP(X) be a differential form. We say that « is
closed if da = 0. We say that « is exact if there is some 3 € QP~1(X) such
that df = a.

Since dod = 0 (Proposition 8.31 (i)), any exact form is automatically closed,
so we have inclusions:

{exact p-forms} C {closed p-forms} C QP(X)

Also both subsets are actually subspaces, since they are the image or kernel of
a linear map.

Definition 8.35. For each p € [0,n], the p-th de Rham cohomology group
of X is defined to be the quotient vector space:

_ {closed p-forms}

HYL(X) =
ar(X) {exact p-forms}

The word ‘group’ here is just historical; this is object indeed an abelian
group, but it’s also a real vector space. De Rham cohomology is a fundamental
topological invariant for manifolds.
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9 Integration

If we have an open set U C R™, and a smooth function h € C*(U), we can try
to compute the multiple integral:

/ hdxy...dz,
U

As long as the function h doesn’t grow too big as we approach the edges of
U, this integral will converge. For example, if we know that h is identically
zero outside some closed ball B(0,r) C U (i.e. it is a bump function) then the
integral certainly converges.

Now suppose we have a diffeomorphism F : V' —= U where V is some other
open set in R™. This is just a change of co-ordinates, so we can compute the
integral in the new co-ordinates if we wish. You should recall the ‘change-of-
variables’ formula:

/ hdzy...dx, = / (ho F)|det DF| dy;...dyn (9.1)
U %

The factor |det DF|, the absolute value of the determinant of the Jacobian
matrix of F', keeps track of how volume gets distorted when we change variables.

This is strikingly similar to the the way that n-forms behave. If we decide
that the symbols after the integral sign fU are really the n-form

a=hdx; A...Ndzx, € Q"(U)

then we have

F*a = (ho F)det(DF)dy; A ... A dy,
which is almost the same as the symbols after fv. This is very strong evidence
that the correct thing to integrate over U is not functions, but n-forms. Indeed,
all n-forms on U are of the form a = hdzy A ... A dz,, for some h € C*(U), so
we can simply define the integral of « to be:

/a:/hdxl...d$n
U U

The formula (9.1) almost says that fv Fra= fU @, i.e. the value of the integral
doesn’t change when you apply a diffeomorphism. The only problem is the oc-
curence of |det(DF')| instead of det(DF'). However, since F is a diffeomorphism,
det(DF) can never be zero. So if we assume that U is connected, then det(DF)
must either be always positive or always negative, and we have that

/ F*a = (sign of det(DF))/ a (9.2)
v U

(if U is not connected then split it into its connected components, and this
equation holds for each component).

Now suppose we have an arbitrary n-dimensional manifold X, and an n-form
a € Q"(X). The goal of this section is to define the integral:

/aeR
X
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If we pick a chart (U, f) on X, then we can at least try to define the integral of
a over the region U by writing « in co-ordinates and then integrating it over U.
There are two problems with this definition: (1) the integral might not converge,
and (2) the value of the integral might not be co-ordinate independent. We will
solve (2) in Section 9.1 by introducing orientations.

Then in Section 9.2 we will explain how we define the integral of o over the
whole of X. The strategy is that we cover X by an atlas, then use a gadget
called a partition-of-unity to ‘cut up’ « into pieces, one for each chart in the
atlas, such that the integral of each piece is guaranteed to converge. Finally we
get the total integral by adding up the contribution from each piece.

9.1 Orientations

Let X be an n-dimensional manifold, and let @ € 2"(X) be an n-form on X.
Let (U1, f1) and (Us, f2) be two charts on X, and for simplicity let’s assume
they have the same domain U = U; = U, and that U is connected. Writing «
in these two sets of co-ordinates gives n-forms &, € Q*(U;) and ay € Q*(Us),
and the transformation law for n-forms (8.27) says that

G2 = @10
where ¢ : UQ = Ul is the transition function. We would like to define
the integral of a over U by writing « in either chart, and then integrating it.

Unfortunately, even if this integral converges, it is not quite chart-independent.
Instead, we have that

/_ Qo = (Sign of det(D¢12))/ ay
Uz

Uy
by (9.2). So we need to find a way to guarantee that det(D¢12) is positive.

Definition 9.3. A volume form on an n-dimensional manifold X is an n-form
w € Q"(X) such that w is not zero at any point. If there exists a volume form
on X then we say that X is orientable.

Example 9.4. If U C R" is an open set, then
wo =dxy A ... Ndx, € Q™(U)

is a volume form, so R" is orientable. We'll call wy the standard volume form
on U. Any n-form on U is of the form hwg for some h € C*>°(U), and this is a
volume form iff A is never zero.

One feature of the previous example generalizes to any manifold: if we have
a volume form w on X, then any n-form a € Q"(X) can be written as « = hw
for some h € C*°(X), because the vector space A"T*X is 1-dimensional at
each point z € X. If h is never zero then « will be another volume form, and
vice-versa.

Example 9.5. Let X = T'. Recall from Example 8.7 that a one-form on
T? is the same thing as a periodic one-form on R, i.e. a one-form & dx where
& € C*(R) is a function such that &(z+1) = &(x) for all z. If we set & to be the
constant function & = 1 then we get a volume form w € Q(T!), corresponding
to the periodic 1-form dz € Q'(R). This shows that T is orientable.
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The previous example can easily be generalized to show that the torus T" is
orientable for any n. Constructing volume forms on the n-sphere S” is a little
harder, and we’ll use the following general result:

Proposition 9.6. Let X be an orientable manfold, and let
Z=h"ty)cX

be a level set of some function h € C*°(X) at a reqular value y € R. Then Z is
orientable.

In particular if we set X = R"! and Z = S™ then we see that S” is
orientable, for any n.

Proof. Let dim X = n, and fix a point z € Z, so the volume form w at this point
gives us a non-zero element w|, € A"TyX. We saw in Lemma 5.13 that the
tangent space T, 7 is the subspace of T, X given by the kernel of the linear map
Dhl, : T.X — T.R =2 R. Let n € T. X be any vector such that Dh|,(n) = 1.
Then we can define an element «'|, € A" 'T*Z by declaring that

s (01 e 1) 2w (01, ey vp_1,n)  ER

for any vectors vy, ...,vp—1 € T.Z. This map w’|, is automatically (n — 1)-linear
and antisymmetric, so it is indeed an element of A" !T*Z. Futhermore we
claim that it’s independent of our choice of n. To see this, recall that A"~ 'T*Z
is only 1-dimensional, so if we pick a basis ey, ...,e,—1 for T,Z then |, is
determined by the single real number :

W'L(ety s en1) = wl.(e1, ..., €n_1,M) (9.7)

This number will not change if we change n by adding on any linear combination
of the e;’s, because w|, is anti-symmetric and linear in each argument. However,
any vector in Dh|;1(1) must differ from n by some linear combination of the
e;’s, so w'|, is indeed independent of our choice of n.

Also, the number (9.7) cannot be zero, because the vectors ey, ...,e,—1,n
form a basis of T, X, and we know that w|, is not zero. Therefore w’|, is not
the zero element of A" 1T Z.

So for every point z € Z, we have constructed a non-zero element w’ |z €
A""YT*Z. Tf we can show that these elements vary smoothly, then we have
found a volume form w’ on Z. So we need to look at this construction in
co-ordinates.

We can assume that Z is the level set of y = 0, since we can always replace
h by h —y. Then for any point z € Z, we know that we can find a chart (U, f)
containing z such that when we write h in this chart it is just the last co-ordinate
h =z, on U. In such a chart, the submanifold Z becomes f(ZnU)=R"'nU,
and we may choose our vector n to be the tangent vector 2— at any point in

Oy,
f(ZnNU). Now write the volume form w in these co-ordinates, so it becomes

w=gdry N..Ndzx,
for some g € COO(U ). It follows that ', in these co-ordinates, is given by
&' = Gl{ep=0y dr1 Ao Adzy_y
which is indeed a smooth (n — 1)-form on f(Z NU). O
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With a little more work, this proposition can be generalised to level sets (at
regular values) of smooth functions h : X — Y, where Y is any other orientable
manifold. However, it is not true that any submanifold of an orientable manifold
is orientable.

In practice most manifolds that one cares about are orientable, but it is not
too hard to find non-orientable manifolds. We leave the next example as an
exercise:

Example 9.8. The Klein bottle K (see problem sheets) is a 2-dimensional
manifold which is not orientable.
The manifold RP™ is orientable iff n is odd.

Now let X be an orientable manifold, and let w € 2" (X) be a volume form.
Pick a chart (U, f) on X. In this chart w becomes a volume form

w = hwy € Qn<U)
for some h € C°°(U), where wy is the standard volume form on U. This function
h must be non-zero at all points.

Definition 9.9. Let w € Q"(X) be a volume form on a manifold X. Let (U, f)
be a chart on X, and let wy be the standard volume form on U. We say that
(U, f) is oriented (with respect to w) if when we write w in this chart it becomes

w= hUJO
where the function h is always positive.

It’s not hard to find oriented charts. If U is connected, then A must be
either always positive or always negative. If it’s negative, just compose the
co-ordinates f with the reflection:

F:R* - R"
(21, T2, ey Tp) > (=21, %2, ey Tpy)

Since F*wy = —wyp, the chart (U, F o f) will be oriented. We could also replace
F here with any other diffeomorphism F' satisfying det DF' < 0 at all points.
If U is not connected, then we can split U into its connected components, and
perform this trick on each component where h is negative. So for any chart
(U, f), we can find an oriented chart which has the same domain U.

Now suppose that w € Q"(X) is a volume form, and that g € C*°(X) is a
real-valued function which is positive at all points. Then gw is another volume
form on X, and asking for a chart to be oriented with respect to gw is exactly
the same condition as asking for it to be oriented with respect to w. This leads
us to the following definition:

Definition 9.10. An orientation on a manifold X is an equivalence class of
volume forms on X, where we declare that two volume forms w; and ws are
equivalent iff we = gw; for some g € C°°(X) which is positive everywhere. If
we’ve fixed an orientation on X we say that X is oriented.

Obviously, we can find an orientation for X iff X is orientable. If we fix an
orientation [w] on X then that determines which charts are oriented, it is not
necessary to choose a specific volume form in the equivalence class [w].

For our purposes, the reason for introducing oriented manifolds, and oriented
charts, is the following easy observation:
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Lemma 9.11. Let X be an oriented manifold. Let (Uq, f1) and (Ua, f2) be two
oriented charts, and let ¢12 be the transition function between them. Then for
any point T € fo(Uy NUs) we have:

det Dgya|z > 0

Proof. Pick any volume form w representing the given equivalence class. In our
two charts, w becomes

w1 = hle S Qn(Ul) and Wy = hgbdo S Qn(ﬁg)

where both hy and ho are positive everywhere since both charts are oriented.
For a point z € U; N Us we have

hal (@) = det (Déral g, (@) bl a)
by the transformation law for n-forms (8.27). Hence det(D¢12|s,(z)) > 0. O

This solves part of our problem of defining integration on manifolds. If we
stick to oriented manifolds, and oriented charts, then the determinant of the
derivative of the transition function will always be positive. Then the integral
of an n-form over a chart U (if it converges) will be independent of the choice
of co-ordinates.

9.2 Partitions-of-unity and integration

For any (oriented) manifold X, and any n-form « on X, we would like to be
able to define the integral
[ a
b'e

as some real number. However this is not going to work in general, because
integrals do not always converge. For example if we take X = R, and a € Q}(R)
to be the constant one-form dzx, then we are trying to evaluate

/ ldz

which doesn’t converge to a finite answer. So we have to put some restrictions
on either X or a.

To start with, we’ll let X be any oriented manifold, but we’ll only consider
a restricted class of n-forms.

Definition 9.12. Let a € QP(X) for some p. We'll call @« a bump form if
there exists some chart (U, f) on X, and some compact subset W C U, such
that « is identically zero outside of W.

Warning: this is not standard terminology, but it will be a convenient defi-
nition for us.

If a € Q"(X) is a bump form, then we can define the integral [, a € R in
the following way. By definition, there is some chart (U, f) such that « vanishes
outside of a compact subset W C U. We can also assume that (U, f) is an
oriented chart (if not then compose with it with a reflection). Now look at the
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n-form & € Q™(U) that we get by writing o in this chart. The subset f(W) C U
is compact, so it’s contained in some closed ball B(0, R) C U, so & is identically
zero outside this ball. Therefore we can define

/a:/dER
X U

since this integral converges. Now let’s prove that this definition is independent
of our choice of chart.

Proposition 9.13. Let (Uy, f1) be an oriented chart such that o vanishes out-
side of some compact subset Wy C Uy. Let (Ua, f2) be another oriented chart
such that a vanishes outside of some compact subset Wo C Uy. Let &y € Q"(Ul)
and iy € Q"(ﬁg) be the n-forms that we get by writing o in the two charts. Then

we have.'
/l/] /1/2

Proof. Let U = Uy NUy, and W = W; N W5. Then W is a compact subset of
U, and « vanishes outside of W. Consequently

/ dl :/ O~[1 and / O~[2 :/ 6&2
U, 1(U) U, f2(U)

since @&; vanishes outside f1(U) and & vanishes outside f2(U), and all these
integrals converge. The transition function is a diffeomorphism

$12: f2(U) - fl(U)

and ag = ¢7501, so the formula (9.2) shows that

Jror®=
f1(U) f2(U)

since both charts are oriented. O

So for any bump form a € Q"(X) we have a well-defined integral [, o € R.
We can calculate this integral using any chart that contains the locus where «
is non-zero.

We now want to consider integrating arbitrary n-forms. This means that
we have to put some restriction on X, and the correct restriction is to insist
that X itself is compact. On a compact manifold, there is a way to ‘chop-up’
an arbitrary n-form into a finite number of bump forms. Then we can then
integrate each piece, and add the answers together. The ‘chopping-up’ step is
done with the following gadget:

Definition 9.14. Let X be a manifold. A partition-of-unity on X is a set of
functions e = {p;, i € I} C C*°(X) (indexed by some set I) with the following
properties:

(i) For each i € I the function ¢; € Q°(X) is a bump form, so there exists a
chart (U, f;) and a compact subset W; C U; such that ¢; vanishes outside
of Wz
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(ii) At any point z € X, only finitely-many of the ; have p;(x) # 0.

Z%’

iel

(iii) The sum

is the constant function with value 1 € R.

Note that property (ii) implies that the sum in (iii) is finite at every point,
so there are no convergence issues.

Suppose that we choose a specific chart (U, f;) for each ;, satisfying the
condition (i). Then this set of charts gives an atlas A = {(U,, f;), i € I} for
X, because at any point € X at least one of the ¢;’s must be non-zero, so
the corresponding U; contains z. We say that ¢, is subordinate to the atlas
A. Sometimes we want to specify the atlas A in advance, and then construct a
partition-of-unity subordinate to .A.

It’s possible to prove that a partition-of-unity exists on any manifold X, us-
ing the technical assumption that the toplogical space underlying X is second-
countable. In fact, given any atlas A, there exists a partition-of-unity subordi-
nate to A. We are not going to prove these statements, but we will prove the
following easy special case:

Proposition 9.15. If X is compact then there exists a partition-of-unity
Po ={ypi, i €1} C C(X)
on X, where the set I is finite.

It’s fairly easy to show that a finite partition-of-unity can only exist if X is
compact, so the proposition is really ‘if-and-only-if’.

Proof. For any point z € X, we can find a bump function 1, which is constantly
equal to 1 on some open neighbourhood V, of x, never negative, and vanishes
outside of some compact set which is contained within a chart. Choose this data
of ¢, and V,, and for each point . The open sets {V,, z € X} form an open
cover of X, so since X is compact there is some finite subcover {V,,,..., Vy, }.
Let %g,,...,%,, be the corresponding set of bump functions. Then the sum
Wey + ... + 1y, is strictly positive at all points of X, since no term is negative
and at all points at least one term is equal to 1. Hence we can define

W
Vo + ot O,

and then @1, ..., ¢, is a partition-of-unity. O

Pi € C™(X)

Partitions-of-unity can be used for many things, one of which is defining
integration. Suppose X is oriented and compact, and we have found a finite
partition-of-unity pe = {®1,..., 0, }. Then if @ € Q"(X) is any n-form, we have
that:

a=pra+ ..+ pra
Each ¢;a is a bump form, so we have a well-defined integral f ¢ pic € R, as we
saw before. So we can define the ‘integral of o over X, using ¢,’, as:
T

[Ta=3([ o) e

=1
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We just need to check that this definition is independent of which partition-of-
unity we chose.

Proposition 9.16. Let X be a compact oriented manifold, and let oo = {©1, ..., o1}
and Po = {P1,..., Ps} be two finite partitions-of-unity on X. Then for any n-
form o € Q™(X), we have that:

Peo Pe
/ “ = / “
X X

Proof. First we claim that if 8 is a bump-form, and ¢, is a finite partition-of-

unity, then:
Pe
o=l
X X

The proposition follows immediately from this claim, because if a is any n-form,
and ,, Ps are two finite partitions-of-unity, then:

[ e 2 (foee) - 2 (/X W) =5 ([ #e) - [

4,3

So, suppose f is a bump-form, and let (U, f) be an oriented chart such that
vanishes outside of a compact subset W C U. Now let o be any a partition-
of-unity. Each bump-form ;3 also vanishes outside of W, so we may evaluate
each [ + i3 using the chart (U, f). Writing everything in these co-ordinates,
we have that ~ ~
Bdry A ... Ndzy =Y @iBdry A Nday,
K3

and since integrating over U is a linear operation, we see that fX =3, fX wif.

So given a compact, oriented manifold X, and an n-form a € Q"(X), we
have a well-defined definition of the integral | @, namely pick a finite partition-

of-unity ., and define:
Pe
[oe [
X X

This doesn’t depend on our choice of partition-of-unity. It defines an operation
/ COQM(X)—-R
X

aH/O&
X

and it is easy to check that this is linear in «.

Example 9.17. Let X = T, and let’s use our usual atlas {(Uy, f1), (Us, f2)}
(as in Example 2.11). We observed in Example 9.5 that there is a volume form
w € QYT") which corresponds to the periodic one-form dz € Q(R), so if we
write w in either chart we just get dz. Any other one-form o on T can be
written as o = hw for some h € C*°(T").
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Let’s fix the orientation [w] on T, this means that both of our charts are
oriented. Now pick a one-form hw € Q'(T?), and let’s evaluate the integral:

/ hw
Tl

First we need a partition-of-unity. Let 1 € C*((0,1)) be some function which
is never negative, constantly equal to 1 in some interval containing %, and
vanishes outside some larger interval. Now extend @1 to a periodic function
on the whole of R by setting ©1(0) = 0 and insisting that ©1(z) = g1(x + 1)
for all x € R. This defines a function ¢; € C°°(T"'), which vanishes outside
a compact subset of Uy. If we let P2 = 1 — g1 € C°(R), then this defines a
function ¢y € C°°(T") which vanishes outside a compact subset of Us, and the
pair (1, ¢2) is a partition-of-unity on 7'. Then our integral is the sum of two

terms:
/ hw:/ <p1hw+/ pohw
T1 i T1

Lift the function h € C*°(T') to a periodic function h € C°(R), then the
expression for A in either chart is just given by restricting h to the corresponding

interval. Now let’s evaluate the first term in our integral, which we can do in
the chart (Uy, f1). It gives the answer:

[ o= () h(a) d

The second term can be evaluated in (Us, f2), and gives

2
since  and o are periodic. So adding the two terms together gives:

~

/Tl hw = /01 (@1() + Qz(w))ﬁ(x) dx = /01 h(z) dz

(this is probably what you would have guessed initially, but this shows that
our complicated definition has reduced to a sensible answer in this case). In
particular, we have that:
/ w=1
T1

There’s an easy general observation we can make here: if X is any compact
manifold and w € 2" (X) is a volume form, then if we use the orientation [w] on

X we must have
/ w>0
b'e

since the integral will be a sum of strictly positive terms. This means that
integration over X defines a surjective linear map

/X: OQ"(X)—=R

since if multiply w by a scalar A € R then we can arrange [ ¢ Aw to take any
value we wish.

105



9.3 Stokes’ Theorem

Suppose we have a function h € C*°(R) that vanishes outside of some closed
interval [—r, 7] C R. Then the one-form

oh
dh = 7z dz

also vanishes outside of this interval, so the integral fR dh certainly converges,
and in fact fR dh = f; dh. So by the fundamental theorem of calculus, we have

/Rdh:/_:g;z@lx:h(r)—h(—r)zo

since h(r) = h(—r) = 0.

Let’s generalise this observation to higher dimensions. If we work on R,
then the objects that we can integrate are n-forms, so we must replace h by an
(n — 1)-form. For example, let’s work on R3, and consider a 2-form

a=oar1dyANdz
which only has one non-zero component. Then:

da:%dm/\dy/\dz
ox

Suppose that « vanishes outside some cube, i.e. the function oy € C°(R?) is
zero unless x,y, z € [—r,r]. Then we have that

Joto= [ (L, ) )
([ (o= ontrnaa)

0

since aq(r,y,2) = a1(—r,y, z) = 0 for any values of y and z.

If @ has more than one component then it’s still true that ng da = 0, since
we can evaluate each component individually (both d and [ are linear) and each
piece will be zero. We can also perform this argument in exactly the same way
in higher dimensions:

Lemma 9.18. Let U C R"™ be an open set, and let « € Q"~Y(U) be an (n—1)-
form that vanishes outside some compact subset W C U. Then:

/da:O
U

Proof. By linearity it’s enough to consider the case when « has only one non-
vanishing component, and without loss of generality we can assume that

a=aydrs A ... Ndx,

for some ay € C*°(U) (which vanishes outside W). We can extend « to a
smooth (n — 1)-form on the whole of R™ by setting it to be zero on R™\ U, and
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if we pick a large enough r then W will be contained in the n-dimensional cube

[—r,r]*™. Then we have:
0
/ do z/ ﬂdmldajg...dxn
U [=rr] X7 8x1
= /[_mﬁ]x(nl) (al|{:r1:r} — a1|{11:,,«}) dl‘g....daﬁn
=0
since & = 0 on the faces {1 =r} and {z1 = —r}. O

Futhermore, this statement generalizes very easily to more interesting man-

ifolds.

Theorem 9.19 (Stokes’” Theorem). Let X be a compact oriented manifold of
dimension n. Then for any a € Q"~Y(X) we have:

/dazO
X

In fact this is not the full version of Stokes’ Theorem, there is a more inter-
esting version that uses the full power of the fundamental theorem of calculus.
The stronger version requires the concept of a manifold-with-boundary, and is
explained in Appendix F.

Proof. Choose a finite partition of unity ¢e on X, so a = (¢1 + ... + ¢r)a
and da = d(p1a) + ... + d(pra). For each i we know that o;a is a bump form
vanishing outside some compact set W;, hence d(p;«) is also a bump form, since
it also vanishes outside W;. Also, we can see that

/X d(pia) =0

by passing to some oriented chart containing W, and applying Lemma 9.18.
Since integrating over X is linear, it follows that | y da=0. O

Recall that the n-th de Rham cohomology group of X is defined to be the
quotient vector space

Hjp(X)=Q"(X) / {exact (n — 1)-forms}

(since all n-forms are automatically closed). Stokes’ Theorem says precisely
that integration gives a well-defined map:

/ CHPR(X) > R
X

Example 9.20. Let X = T, and let o € Q' (T) be the one-form corresponding
to a periodic one-form & dz € Q'(R). We saw in Example 9.17 that (after fixing
the orientation [w] on T) the integral of « is given by:

/Tla:/ol&(x)d:v
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If @ = dh for some h € C°°(T'), i.e. if a is an exact one-form, then Stokes’
Theorem says that le a = 0. This is precisely the observation we made in

Example 8.7, it says that if & = % for a periodic function h € C> (R), then:

/1adx=ﬁ(1)—h(0)=o
0

For this example, it’s easy to show that the converse to Stokes” Theorem is
also true. If fol &(z) dz = 0, then the function

h:R—R

x»—>/oxd(y)dy

will satisfy h(z) = h(xz + 1) for all z € R. Hence it defines a corresponding
function h € C°°(T'), and dh = «. So on the circle 7', we have shown that
the integral of a one-form is zero if and only if the one-form is exact. In other
words, integration gives an isomorphism:

D Hin(TYH) R
Tl

The observation from the previous example is actually a general phenomenon.
If X is a connected compact oriented n-dimensional manifold, and o € Q™ (X)

is an n-form, then
/ a=20
X

if-and-only-if there exists some 3 € Q"~1(X) such that a = df. Hence integra-
tion gives an isomorphism:

/ D HT(X) 25 R
X

This result is quite hard to prove, it’s a first glimse of an extremely deep and
important fact about manifolds called Poincaré duality.
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A Topological spaces

In this section we provide a very brief revision of the basics of topological spaces.
If X is a set we let PX denote the power set of X, i.e. the set of all subsets
of X.

Definition A.1. Let X be a set. A topology on X is a collection
T CPX

of subsets of X, satisfying the list of axioms below. We refer to elements of T
as open sets. The axioms are:

(i) The empty subset ¢ is open, and the whole of X is open.
(ii) The intersection of two open sets is open.

(iii) Given any collection of open sets, their union is also open.

Axiom (ii) implies that the intersection of any finite collection of open sets is
open. Axiom (iii) applies to any collection of open sets, including infinite ones.
If we have chosen a topology on X, then we call X a topological space.

A subset V of a topological space X is called closed iff its complement
Ve =X \V is open. Note that most subsets of X are neither open nor closed.

Example A.2. Let X = R", equipped with the usual (Euclidean) norm. For
a point € R", and a real number r € R>q, the open ball around z of radius r
is the set:

B(z,r) ={y e R"; [y —z| <r}
We declare that a subset U C R”™ is open iff for any point x € U there exists
some € > 0 such that:

B(z,e) CU

Equivalently, we can say that a subset U C X is open iff U can be written as
a union of some collection of open balls. It is easy to prove that this defines a
topology on R™.

Definition A.3. Let X and Y be topological spaces, and let f be a function:
f: X->Y

We say that f is continuous iff whenever U C Y is an open set then its pre-
image

U cx
is also open. Equivalently, we can require that the pre-image of every closed set
is closed.

Its easy to show that the composition of two continuous functions is contin-
uous.

Definition A.4. If f : X — Y is a continuous function between two topological
spaces then we say that f is a homeomorphism iff f is a bijection and the
inverse function

Yy - X
is also continuous. If there exists a homeomorphism between X and Y then we
say that X and Y are homeomorphic.
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Definition A.5. Let X be a topological space, and let Z C X be any subset.
We define the subspace topology on Z by declaring that a subset U C Z is
open iff there exists some open set U C X such that:

U=272nU

It’s easy to prove that this really does define a topology on Z, and that the
inclusion map Z < X is continuous. It follows that if f : X — Y is continuous
then the restriction f|z : Z — Y is also continuous. It’s also easy to prove that
a function g : Y — Z is continuous iff ¢ is continuous when viewed as a function
g:Y —X.

Definition A.6. Let X be a topological space, let Y be a set, and let
qg: X =Y

be a surjective function. We define the quotient topology on Y by declaring
that U C Y is open iff ¢~ *(U) is open in X.

It’s easy to check that this really is a topology on Y, and that it makes ¢
continuous.

Let X and Y be two topological spaces. We can put a topology on their
cross-product
XxY={(z,y); zeX,yeY}

by declaring that if U; is an open set in X and Us is an open set in Y then
Uy xU,C X xY

is an open set, and further declaring that any union of sets of this form is also an
open set. It’s easy to check that this defines a topology, and that the projection
map from X X Y to either X or Y is continuous.

We can also put a topology on the disjoint union
Xuy

by declaring that a subset U C X UY is open iff UN X isopen in X and UNY
is open in Y (again it’s easy to check that this is a topology). This means that
both X and Y are subspaces of X LY.

Definition A.7. A topological space X is called compact iff, whenever we
have a collection of open sets {U;, i € I'} (indexed by some set I) such that

Yui=x
iel
then it is possible to find a finite subset J C I such that we still have:
YUui=x
jeJ

A collection {U;, i € I} like this is called an open cover of X, and the sub-
collection {Uj, j € J} is called a finite sub-cover. A subset Z C X is called
compact iff Z is compact in the subspace topology.
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Example A.8. If X = R" (with the usual topology), then a subset Z C R™ is
compact iff Z is both closed and bounded, i.e.

Z C B(0,R)

for some large-enough R. We won’t give a proof of this fact, to find one consult
any first course on topological spaces.

Definition A.9. A topological space X is called Hausdorff if for any two
distinct points z,y € X we can find open sets U and V with x € U and y € V
and UNV = ¢.

So z and y can be ‘housed-off’ from each other by these open neighbour-
hoods.

Example A.10. The space R™ is Hausdorff. Take x and y distinct points in
R™, and let d = |z — y|. Then the open balls B(x,d/2) and B(y,d/2) don’t
intersect.

It’s easy to show that any subspace of a Hausdorff space is also Hausdorff.

Example A.11. Here is a rather strange example of a space that would be
1-dimensional topological manifold, except that it is not Hausdorff.

Take the disjoint union R U R of two copies of R, and for any =z € R let’s
write £ or xo for the corresponding points in either component. Let X be the
quotient

X =(RUR) / (1 ~ x5 for x # 0)

(with the quotient topology). Then X looks a lot like R, but the origin has been
replaced with two points 0; and 05. If we let U; and Us be the images in X
of the two copies of R, then it’s easy to show that they are the domains of two
co-ordinate charts, so this is an atlas (it’s even a smooth atlas).

However, X is not Hausdorff. If U is any open set containing the first ‘origin’
01, and V is any open set containing the second ‘origin’ Oz, then U and V must
have a non-empty intersection.

Definition A.12. A topological space X is called second-countable if there is
a countable base for the topology 7 on X, i.e. there is some countable collection
of open sets B C T such that any set in 7 can be written as a union of sets
from B.

Example A.13. The space R” is second-countable. The most obvious base
for the topology on R™ is the set of all open balls (this is how we defined the
topology!), and this is an uncountable set. However, there is a countable base,
given by the set

B= {B((xl, ...,xn),r), T1y ooy Ty, T € Q}

of ‘rational balls’. To see that B is a base, just observe that any open ball
B(z,r) can be written as the union of all rational balls that are contained in
B(z,r).

It’s easy to show that any subspace of a second-countable space is also
second-countable.
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Example A.14. Take a copy of R™ for every real number r € R, and let X be
the disjoint union:
x=r"

reR

Then X would be a n-dimensional topological manifold (or smooth manifold),
except that it is not second-countable.

112



B Dual vector spaces

In this section we provide a brief revision of dual vector spaces and dual linear
maps.
Let V be any vector space, of dimension n. The dual vector space to V is
the space
V* = Hom(V,R)

of all linear maps from V to R. If we pick a basis {ey, ..., e, } for V, then V* has
a corresponding dual basis {e1, ..., €,}, where €; € V* is the linear map defined
by:
& :V—->R
1, j=i
e;—r . .
! { 0, i#J
In particular V* also has dimension n.

If V= R"™ then we can identify V* with R"; if we think of V' as column
vectors then elements of V* are row vectors. Under this identification the stan-
dard basis becomes its own dual basis, and the operation of evaluating a map
in (R™)* on a vector in R™ becomes the dot product.

If V is not R™ then there is no canonical isomorphism between V and V* -
they are isomorphic, but to get an isomorphism we have to choose a basis for

V' and then identify both V' and V* with R™. However, there is a canonical
isomorphism between V and (V*)*. It takes a vector v € V' to the linear map:

evy : V= R

u = u(v)

So V is the dual space to V*.
Now let W be a second vector space (of dimension m) and let

F:V-W
be a linear map. There is a corresponding dual linear map
F W= Vv*
which sends a vector u € W* to a vector F*(u) € V* defined by:

F*(u): V=R
v = u(F(v))

If we compose two linear maps F' and G then the dual of the composed map is:
(GoF)*=F*oG*

It follows easily from this that F' is an isomorphism if and only if F* is an
isomorphism. If we pick a basis for both V and W then the linear map F' can
be expressed as an m-by-n matrix:

F:R" 5 R™
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The dual map F™* can be an expressed as an n-by-m matrix, using the corre-
sponding dual bases of V* and W*, and it’s easy to calculate that it becomes

the transpose matrix: R
FT:R™ > R"

This is consistent with the fact that (MN)T = NTMT.
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C Bump functions and the Hausdorff condition

In this short section we show why the Hausdorff condition is necessary for con-
structing bump functions. We start with a basic fact about Hausdorff spaces:

Lemma C.1. If X is Hausdorff, and Z C X is compact, then Z is closed in
X.

Proof. Fix a point y € X \ Z. For any point z € Z we can find an open set U,
containing z and an open set V, containing y such that U, NV, = ¢. The union
of all the U,’s is an open cover of Z, so it contains a finite subcover {U,,, ..., Uy, }.
The intersection V,, N...NV,, of the corresponding open neighbourhoods of y is
an open neighbourhood of y, and it does not intersect any U.,, so it is contained
in X \ Z. Therefore X \ Z is open. O

Now we recall the idea of bump functions, discussed in Section 7.1. Fix r
and 7’ with 0 < r < r’.We observed that it is possible to find a smooth function
1 € C*°(R™) such that 1 is constantly equal to 1 inside the ball B(0,r) and
constantly equal to 0 outside the larger ball B(0,r’).

Now let X be a manifold, and (U, f) a chart on X, such that the codomain
U contains the closed ball B(0,r"). We extend v to a function on the whole of
X by defining:

~ Yo fy), foryeU
?/)(y):{( O,)?c))rygé%

Lemma C.2. This function zZ is smooth.

Proof. The closed ball B(0,r7) is a compact subset of U, so W = f~1(B(0,1))
is a compact subset of X, contained in U. Since X is Hausdorff, Lemma C.1
says that W is closed in X. Then % is smooth inside the open set U, and it
is certainly smooth inside the open set X \ W since it’s constant in this locus.
Therefore 1Z is smooth. O

To understand why the Hausdorff condition was necessary here, consider the
following:

Example C.3. Let X be the ‘line with two origins’ from Example A.11. Let
1 be a bump function on R which is constantly equal to 1 in some open inteval
around 0, and constantly equal to 0 outside some larger open interval. View
this is a bump function in the chart Uy, and extend it to a function i on the
whole of X as we did above. Notice that X \ U is a single point, the other
‘origin’ 0s. If we restrict 12 to the chart Us = R we get a function which is equal
to 0 at the origin, but constantly equal to 1 inside the set (—r,0) U (0,r) for
some r > 0. So QZ is not even continuous.
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D Derivations at a point

In this section we prove Proposition 7.12, which says that, given a point z € X
in a manifold, a linear map

2:C¥(X) >R

is a derivation at x if and only if @ vanishes on the subspace R, (X) of functions
which have rank zero at x.

As usual we start with the easy case when X is an open subset in R™. Fix
a point z € X.

Lemma D.1. If9 is a derivation at x and h € C*°(X) has rank zero at x then
o(h) = 0.

Proof. Recall that ? € Der,(X) obeys the product rule:

Firstly we show that ? vanishes on constant functions. Let 1 € C°°(X) denote
the constant function with the value 1 € R. Let h € C*°(X) be any function
such that h(x) # 0, then the product rule implies that

a(h) = o(h.1) = h(x)o(1) + o(h)

and hence 9(1) = 0. Since ? is linear it must send any constant function to zero.

Now let h € C*°(X) be any function. Let z1,..,2, be the standard co-
ordinate functions on X, and let (aq,...,a,) € R™ be the co-ordinates of our
fixed point z. Let the Jacobian of h at x be Dh|, = (v1,...,v,). Then Taylor’s
theorem says that we can write

n

h=h(z)+ Z(Sﬁz —a;) (v + H;)

=1

where Hy, ..., H, € C*°(X) are functions such that H;(z) = 0 for each i (this
is the ‘second-order’ version of Taylor’s theorem, the full theorem says that we
can do something similar with higher-order expansions). In particular if h has
rank zero at x then each v; is zero, and:

In this expression h(z) is a constant, which we could view as a constant function
in C*°(X), and for each ¢ the expression (x; — a;) is also a function in C*°(X)
and it obeys (z; —a;)|; = 0. Then the product rule, and the fact that 0 vanishes
on constant functions, implies that d(h) = 0. O

Now we want to prove a similar result on a general manifold X. Fix a point
x € X. Obviously we’d like to take a chart (U, f) around z, and reduce the case
of open subsets in R™. However, there is a subtlety here.
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Consider the linear map:

C™(X) = C™(U)
hl—>h‘U

This respects multiplication of functions i.e. it’s a map of rings (or R-algebras),
and it also respects the map ‘evaluate at the point z’. So if we have a linear
map 0’ : C*°(U) — R which is a derivation at « then we can compose it with
the restriction map, and we’ll get an operator in Der,(X). This provides us
with a map:

Der,(U) — Der,(X)

We want to show this map is an isomorphism, but it’s not immediately obvious
how to invert it, because not every function in C°°(U) is the restriction of a
function in C*°(X). Here is the first step:

Lemma D.3. Let d be a derivation at x. If h € C*°(X) is identically zero on
some open neighbourhood of x then d(h) = 0.

Proof. Suppose that h is identically zero on a neighbourhood U of z. Let
¥ € C°(X) be a bump function such that we have neighbourhoods

zeVcWclU

with ¥y = 1 and | x\w = 0. Then (1 —t)h = h, so d(h) =((1 —)h) =0
by the product rule. O

So if @ € Der,(X) then the value of 9(h) doesn’t really depend on the whole
function h, it only depends on the behaviour of h near the point x. This suggests
we should consider the following subset of C*°(X):

{h € C*°(X) ; 3 an open neighbourhood U of x with h|y = 0} (D.4)

It’s easy to see that this is a subspace of C°°(X), so we may form the quotient
space, which we’ll denote by: -

O (X)
Elements of @(X ) are called germs of smooth functions at z. A germ is an
equivalence class of functions, where we declare that two functions are equivalent
if they agree in some open neighbourhood of . The lemma we just proved says
that any 9 € Der,(X) induces a linear map:

2:CX(X) >R

Now notice that if [h] € @(X) is a germ, we can evaluate [h] at the point x
to get a real number h(x) € R. This is well-defined, it doesn’t depend on which
representative of the germ we choose (but we cannot evaluate [h] at any point

other than z). Also notice that we have a well-defined multiplication in C?(X )

([Pa], [h2]) = [h1ho]

because if h; vanishes in a neighbourhood of x, and hs is any function, then
hihg vanishes in a neighbourhood of z (i.e. the subspace (D.4) is an ideal in

0 (X)).
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This means that it if we have a linear map from C?(X ) to R then it makes
sense to ask if it obeys the product rule (D.2). If we consider such a map
9 induced from a 0 € Der,(X) then it will obey this rule; conversely if we
take any linear map from C?(X ) to R which obeys the product rule then by
composing it with the quotient map

C™(X) = CF(X)
we will get a derivation at z. So derivations at x are precisely linear maps from
C(X) to R which obey the product rule.

Now we show that the space of germs doesn’t change if we restrict from X
to an open neighbourhood of x.

Lemma D.5. If U C X is an open neighbourhood of x then we have a linear
isomorphism - -

C(X) — C(U)
given by sending [h] to [h|y].
Proof. Firstly note that if h € C°°(X) vanishes in an open neighbourhood of z
then so does the function h|y € C*°(U), so this map is well defined. Now let’s
find an inverse map. Choose a bump function ¢» € C°°(X) which is constant
with value 1 on some open neighourhood V of z, and vanishes outside some
larger closed neighbourhood W C U. If g € C*°(U), then we can extend g to a
function on the whole of X by defining:

| g inside U

97\ 0outside U

Then ¢ is smooth, since it’s smooth in the open sets U and X \ W. Then we
have a linear map:
P C=(U) = C>(X)
g—g
Furthermore if g vanishes on some neighbourhood of x then so does g, so we get
an induced map: - -
C2(U) = C(X)

—

If & is a function on X then (h|y) agrees with h on the neighbourhood W. Also
if g is a function on U then (g)|y agrees with g on the neighbourhood W. This
proves that the function [g] — [g] is the inverse to the function [h] — [A|y]. O

Corollary D.6. We have an isomorphism
Der, (U) — Der,(X)
which sends ¥’ € Der,(U) to the operator 9 : h — ' (h|y).
Now we can prove the ‘only if’ direction in Proposition 7.12.

Proposition D.7. Let x € X be a point in a manifold, and let 0 be a derivation
at . If h € C*°(X) has rank zero at x then d(h) = 0.

Proof. Pick any chart (U, f) around z. Then by Corollary D.6 0 determines an
operator o' € Der,(U), with 9(h) = d'(h|y). The co-ordinate function f gives
an isomorphism between C'°(U) and C*°(U), which induces an isomorphism

between Der,(U) and Dery,)(U). The function h has rank zero at x, so the
function h = ho f~1 € C°°(U) has rank zero at f(x). Now use Lemma D.1. [J
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E Vector bundles

In Section 6 we introduced the tangent bundle T X to a manifold X, which is
defined to be the set:
TX = U T, X
zeX
It comes with a surjection 7 : TX — X which sends a tangent vector v € T, X
to the point z € X.

Proposition E.1. The tangent bundle TX mnaturally has the structure of a
manifold, with dimension 2(dim X).

Proof. We'll define our manifold structure by writing down a pseudo-atlas on
T X, and invoking Proposition 2.26 and Corollary 2.28. In fact we’ve done most
of the work already, in Section 6.1. Let (U, f) be any chart on X. We saw that
this induces a bijection:
F:TU =7"YU) = U xR"
(z,0) = (f(z), Af(v))

The codomain here is an open subset in R??, so this is a pseudo-chart on TX.
If we do this for all charts on X then the corresponding set of pseudo-charts
obviously cover T X, so they form a pseudo-atlas.

Now we must check conditions 1 and 2 from Proposition 2.26. Let (Uy, f1)

and (Us, f2) be two charts on X, and let U = Uy N Uy denote their intersection.
Then the intersection of the pseudo-charts TU; and TUs is exactly TU, and

F\(TU) = f{(U) xR" Cc U; x R"

which is an open subset. Furthermore the transition function between these two
pseudo-charts is
Dy : f1(U) x R = fg(U) x R™
(Z,0) = (¢21(Z), D21z (v))

which is smooth. O

Example E.2. Let X be the manifold 7" from Example 2.11. We claim that
the tangent bundle to T is the infinite cylinder

T(TH =T' xR

(this is clearly a 2-dimensional manifold). We’ll prove this claim carefully a bit
later, but it’s also quite easy to see using an atlas.
Recall that we have an atlas for 7! with two charts,

fi: Uy =T\ 0] = U =(0,1)

and
fa: Up: T\ [5] = Ua=(-33)
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both of which simply lift an equivalence class to its representative in the given
interval. The transition function between these two charts is:

¢21:(0,3)U(5,1) — (=3,0) L (0,3)

x, for:z:<%
T — 1
r—1, for x > 5

So we have an atlas for the tangent bundle 7'(T") which has two charts
TU, = (0,1) x R

and: R

TU,; = (—%, %) x R
The derivative of the transition function ¢,; at any point is just the identity
map from R to R, so the transition function between our two charts on T'(T!)

is just:
By = (¢o1,1) - ((0,%)|_| (%,1)) xR —s ((_%,0) L (o,%)) X R

A manifold which has this atlas must be T x R.

This example is rather unusual, it’s not normally true that the tangent
bundle to X is simply X x R™. Manifolds like this are called parallelizable,
we’ll come back to this later on. Also, this is unfortunately the only non-trivial
example for which it’s easy to visualise the tangent bundle, because if X has
dimension > 2 then T'X has dimension > 4.

For any manifold, the projection function 7 : TX — X is smooth, because
if we look at it in one of the charts (TU, F') then it becomes the projection
U xR™ — U. The level sets of 7 are the individual tangent spaces T, X, and it’s
immediately clear that these are n-dimensional submanifolds of T'X; moreover
it’s clear that 7 is a submersion.

A vector field on X is, by definition, a function

€:X 5TX

such that m o £ = 1x. Given Proposition E.1, we don’t need to do any extra
work to define a smooth vector field, since we already have a definition of when
a function from X to TX is smooth. If you look back at Section 6.1, this is
precisely the definition of a smooth vector field that we wrote down there.

So for any manifold X we have an associated tangent bundle, which is a
smooth manifold T X coming with a smooth surjection

m:TX - X

such that every level set 7=!(z) = T, X is a vector space. This is a very rich
mathematical structure, it’s an example of something called a wvector bundle.
We'’re now going to describe this more general structure, but the definition is
fairly complicated.

Let X be a manifold of dimension n. Informally, a vector bundle over a
manifold X is a collection of vector spaces {E,}, indexed by the points of z.
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These vector spaces have to fit together to give a smooth manifold F, equipped
with a smooth map 7 : F — X whose level set over x € X is the associated
vector space 7~ !(z) = E,. For example, for any manifold X, and any integer
r, there is a vector bundle

m: E=XXxR = X

where 7 is the projection map 7 : (v,z) — z. It’s easy to show that there’s a
smooth structure on F making it into a manifold (of dimension n+r), and that
7 is smooth. Obviously the level set of 7 at any point x € X is the vector space
R". This is called the trivial vector bundle of rank r.

The tangent bundle is not usually of this form, in general we can’t canonically
identify T, X with R™ so it’s not usually true that TX = X x R™. However if we
pick a chart (U, f), then within the open set U C X it is true that TU = U xR",
since our co-ordinates give us this bijection. So within small neighbourhoods in
X, the tangent bundle looks like the trivial bundle of rank n. This condition,
of being ‘locally trivial’, is one of the key properties of a vector bundle.

Definition E.3. Let X be a manifold of dimension n. A vector bundle over
X is the following data:

e A manifold FE, of dimension n + r.
e A smooth surjection 7 : E — X, whose level sets we denote E, = 7~ 1(x).

e For each z € X, the structure of an r-dimensional vector space on the
level set E,.

We require that it is possible to find an atlas {(Uj;, fi),? € I} for X, and an atlas
{(Vi,9:),1 € I} for E (indexed by the same set I'), with the following properties:

(i) V; = 7~ 1(U;), for each i € I.
(i) V; = U; x R" € R™", for each i € I.

(iii) For each i € I, the square

commutes, where the right-hand vertical arrow is the obvious projection
map.

(iv) For any = € X and any ¢ € I, the map
is an isomorphism of vector spaces.

The integer r is called the rank of the vector bundle, and the vector spaces E,
are called the fibres of the vector bundle.
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A vector bundle is a lot of data: we need to specify E, w, and the vector
space structure on each fibre E,. However it’'s common to just write it as the
map 7 : ' — X, or sometimes just as F.

Example E.4. For any manifold X, we have met the following examples of
vector bundles on X:

(i)

(i)

(iii)

(iv)

The tangent bundle TX — X. When we defined the smooth structure
on T X we used an atlas of exactly this form, so the tangent bundle is a
vector bundle of rank n.

If we take F to be the trivial vector bundle of rank 7, so £ = X xR", then
any atlas {(U;, f;),% € I} for X will produce an atlas for F of the required
form, just by setting V; = U; x R” and V; = U; x R”. So fortunately the
trivial vector bundle of rank r is indeed an example of a vector bundle, of
rank r.

In Section 8.1 we introduced the cotangent bundle:
X =) X
zeX

Using an argument which is essentially identical to the proof of Proposi-
tion E.1, the cotangent bundle is a manifold of dimension 2n. The same
argument shows that it is a vector bundle over X, of rank n.

In Section 8.3 we generalized this to the set:

NPT X = | NTiX
rzeX

This is a vector bundle over X, of rank (Z)

But these are not the only examples of vector bundles.

Example E.5. Let E be the quotient of R? by the equivalence relation

(z,y) ~ (x+n,(=1)"y), n€Z

(these are the orbits of a group action generated by a horizontal glide reflection).
This is an infinite M6bius strip. We have a well-defined map:

7 E—=T!
[(z, )] = [2]

Notice that the usual vector space structure on R2? does give a well-defined
vector space structure on each fibre Ep,;. Futhermore if we take the atlas
{(U1, f1), (Ua, f2)} on Tt from Example 2.11 then it’s easy to find a correspond-
ing atlas {(V1,91), (V2,92)} on E with all the properties required by Definition

E.3. For example, Vi = (0,1) x R € R?, and V; is the image of V; in E.

The concept of a vector field can be easily generalized to other vector bundles:

122



Definition E.6. Let 7 : £ — X be a vector bundle. A section of F is a
smooth map
c: X —>F

such that moo = 1x.

So a section o sends any point z € X to a vector o|, € F, lying in the fibre
over x, and this vector varies smoothly with z. A section of the tangent bundle
T X is precisely a vector field. Similarly, a section of the cotangent bundle T* X
is a one-form, and a section of the bundle APT*X is a p-form.

Any vector bundle has one obvious section, the zero section, which maps any
point € X to the zero vector 0 € E,. By looking at this in a chart it’s clear
that it is smooth, and furthermore it gives us an injective immersion

X < FE

whose image is a submanifold which is diffeomorphic to X.

We saw earlier (Example 6.2) that the manifold T' has the rather special
property that the its tangent bundle looks like the trivial bundle T x R. We
now want to say this precisely, but we first we need to say what it means for
two vector bundles over X to be isomorphic.

Definition E.7. Let 71 : £y — X and 7 : E5 — X be two vector bundles over
X. An isomorphism between F; and FE5 is a diffeomorphism

F:E = FEy
such that 75 o F' = 71, and such that the induced function
E,: (F1)s = (F2)s
is a linear isomorphism, for each z € X.

So an isomorphism of vector bundles is a bijection that preserves all the
structure of a vector bundle. In particular if two vector bundles over X are
isomorphic they must obviously have the same rank.

Definition E.8. A rank r vector bundle 7 : E — X is called trivial if it is
isomorphic to the trivial vector bundle X x R".

Here is one way to tell if a vector bundle is trivial:

Proposition E.9. Let 7 : E — X be a vector bundle of rank r. Then E is
trivial iff there exist r sections o', ...,c" of E such that, for every point x € E,
the vectors

ey o|e € B,

form a basis of E,.

Proof. If E is the trivial vector bundle X x R" then we can just pick any basis
e1,...,er for R and consider the constant sections &% : & — e; for each i, which
are evidently smooth. More generally if F': X x R" — F is an isomorphism of
vector bundles then we can define r sections of E by:

ct=Fog: v Fy(e;) € Ey
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These are smooth since both F' and ' are smooth, and give a basis of E,, since
F, is an isomorphism of vector spaces.

Conversely, suppose that we have such a set of sections o
function

L ...,0". Define a

F: XxR - FE
by:

F: (x7 (v1, ...,vr)) — <$,Zvi0i|m>
i=1

Obviously F' commutes with the projection maps, and for each z € X the map
F, is linear and sends the standard basis of R” to the basis 0|, ...,0"|, of E,.
Hence each F, is an isomorphism of vector spaces, and it follows that F' is a
bijection.

Now pick a chart (U, f) on X and a chart (V,g) on E of the form specified
in Definition E.3, and choose the corresponding chart U x R" on X x R". In
these charts, each section o* is a smooth function

5'=(5%,....,6)): U—>R"

and I is the function o 3
F:UxR" —-UxR"

given by the smooth family of invertible r-by-r matrices Mz whose entries are
G5z The inverse function F~1is given by the family of matrices M; ', whose
entries will also vary smoothly with & since they are rational functions of the
entries in Mz. Hence both F and F~! are smooth, so we have shown that F is
an isomorphism of vector bundles. O

Definition E.10. A manifold X is said to be parallelizable iff its tangent
bundle T'X is trivial.

Example E.11. Let X = S'. In Example 6.2 we found a smooth vector field &
on S' which was not equal to zero at any point. Since S is 1-dimensional, this
means that & gives a basis of the tangent space at every point. So by Proposition
E.9 the bundle T'S" is trivial, and S is parallelizable.

The manfold S? is not parallelizable, because of the following fact:

Theorem E.12 (‘Hairy ball theorem’). Any vector field on S? must be equal
to zero at some point.

Consequently it is impossible to find a pair of vector fields &1, &3 on S? that
form a basis of the tangent space at every point.

Theorem E.12 is is a very nice result. It implies for example that at any
moment in time there must be a point on the Earth where the wind speed is zero,
and also that you cannot groom a spherical dog without leaving a protruding
tuft of hair at one point. The proof is not very difficult, but unfortunately it
requires some algebraic topology that doesn’t form a part of this course.

Theorem E.12 is true for any even-dimensional sphere S?", so no even-
dimensional sphere is parallelizable. In fact the only parallelizable spheres are
St 83 and S7, but this is rather harder to prove.
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F Manifolds-with-boundary

In Section 9.3 we proved a version of Stokes’” Theorem, which is based funda-
mentally on the fact that if a function h € C*°(R) vanishes outside some interval
then we must have [ dh = 0. However, the fundamental theorem of calculus is
much more precise than this, it says that for any function h, and any interval
[a, b], we have:

/b dh = h(b) — h(a)

We want to generalize this statement to n-forms on an arbitrary manifold. How-
ever, the interval [a, b] is not a manifold, because of the end points a and b. The
statement we are after requires us to generalize the notion of a manifold, to
allow ‘boundary points’.

Definition F.1. A (second-countable, Hausdorff) topological space X is called
an n-dimensional topological manifold-with-boundary if for all points
x € X we can find an open neighbourhood U of z, an open set

U C Rep x R™1

and a homeomorphism f : U — U.

So a manifold-with-boundary is a space that ‘locally looks like’ the half-
space {x1 < 0} C R™. We continue to use the name ‘co-ordinate chart’ for these
homeomorphisms f : U — U.

There are two kinds of point in a manifold-with-boundary:

e For some x € X, we can find a chart f: U — U around z with U entirely
contained in Ry x R™, so U is an open subset of R™. The set of such x
is called the interior of X.

e If x € X is not in the interior, then one can prove (using algebraic topol-
ogy) that any chart around x must send z to a point on the hyperplane
{x1 =0} 2 R"~! C R™. The set of these points is called the boundary of
X, and denoted 0X.

The interior of X is obviously a (non-compact) n-dimensional topological man-
ifold. The boundary 0X is an (n — 1)-dimensional topological manifold, since
it can be covered by the charts:

f:UNOX = UN{z, =0} cR*!

However, note that X itself is not a topological manifold, of any dimension.

The entire theory of manifolds - smooth structures, tangent spaces, differ-
ential forms, etc - can be generalized to manifolds-with-boundary fairly easily.
The only extra input needed is the definition of a smooth function between two
open sets in a half-space, and for this we adopt the following convention: a
function F': U — V between open sets

UCRexR*™ and V CRgx RF!

is called smooth if there exist open sets (’Z C R" and Vc RA’“, with U ¢ U
and V C V, and a smooth function F : U — V such that F|y = F. With
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this definition we can define the derivative DF|, at any point in U, even the
boundary points {1 = 0}, by taking the derivative of F. This doesn’t depend
on our choice of extension ﬁ'7 because any partial derivative can be computed
from the x; > 0 side.

Example F.2. e The closed unit ball X = B(0,1) C R™ is an n-dimensional
manifold-with-boundary, with a smooth stucture inherited from R™. The
interior of X is the open unit ball, and its boundary X is S™~1.

e Generalizing the previous example, if A : R®"*! — R is a smooth function
and « € R is a regular value, then the proof of Proposition 3.16 adapts to
prove that the set

X ={z eR"™", h(z) <o}

is an n-dimensional (smooth) manifold-with-boundary. Its boundary 0X
is the level set h=1 ().

e If Y is any (n — 1)-dimensional manifold, and I is the closed interval
I =[0,1], then X =Y x I is an n-dimensional manifold-with-boundary.
The boundary of X is the disjoint union 0X =Y UY of two copies of Y.

The full version of Stokes’ Theorem is about comparing the integral of dif-
ferential forms over X and over the boundary dX. As usual, we start by seeing
what happens in co-ordinates.

Let U C R<g x R"™! be an open set, so U is a manifold-with-boundary, and
its boundary is OU = U N {x1 = 0}. Let ¢ : U — U denote the inclusion of the
boundary. If we are given an (n — 1)-form a € Q"~1(U), then we can pull-back
a along ¢ to a get an (n — 1)-form on OU. Let’s write « explicitly as

a=aydry A... Ndx, + asdry Ndxs A ... ANdx, + ..
+ apdri A ... ANdr,_1

for ay,...,a, € C°°(U), and compute the pull-back ¢*«.
For a point z € U, the tangent space to QU is the subspace:

T.(0U) = {z; =0} CR" =T.U

Pulling back « to QU just means restricting it to this subspace at all points,

9 9

i.e. evaluating it on (n — 1)-tuples of vectors from the subspace Jagr o B )

This only picks up the first component of «, so:
Va = a0y dea A ... Adx, € Q"H(OU)

The local version of Stokes’s Theorem on a manifold-with-boundary is the fol-
lowing statement:

Lemma F.3. Let U C R>o x R"™! be an open set, and let v : OU — U denote
the inclusion of the boundary. Let a € Q"=1(U) be an (n—1) form that vanishes
outside some compact subset W C U. Then:

/daz/ o
U U
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Proof. This is very similar to the proof of Lemma 9.18. We can extend « to
the whole of the half-space {z; > 0}, and then perform the integral over a ‘half-
cube’ [—r,0] x [—r,r]*(=1Y if  is big enough. Now suppose that a has only
one non-vanishing component, and that component is

a =« d$1 A A dl‘j_l AN de+1 A A d.’En

for some j > 1. Then ¢*« vanishes, but the integral fU da also vanishes, by the
argument from Lemma 9.18. The remaining case to consider is when

a=aydrs A ... Ndxy,

and then we have

0
/da:/ / ﬂdm dxs...dz,
U [—rr]x (=1 [—r,0] 0xy
:/ a1|{z1:0}d$2....dxn
[—T,T]X("—l)

= / Vo
au

since a; = 0 on the set {z; = —r}. O

To generalize this statement to more interesting manifolds, we just need one
further fact:

Proposition F.4. If X is an oriented manifold-with-boundary, then there is a
canonical orientation on the boundary 0X.

Sketch proof: Let w € Q"(X) be a volume form. For a point z € 9X, pick
a chart around X, so locally we have an open set U C R<g x R*~! and the
boundary is U = U N {x1 = 0}. In this chart, w becomes

0 =hdxy A...Ndx,

for some h € C“io(f] ). Now choose a vector field along the boundary dU which
points ‘out of’” U, i.e. choose a function

£=(&1,60) s OU — R"

such that & > 0 at all points. Contracting @ with £ (see Problem Sheets)
produces an (n — 1)-form

Q¢ = h& dog Ao Aday, — h&dxy Adaxg A ... Ndx, + ... € Q)
and pulling this back to U gives an (n — 1) form
(ig@) = h& dza A ... A day,

on AU. This is a volume form, since neither k nor &; vanish at any point. Fur-
thermore, choosing a different £ will have the effect of multiplying this volume
form by some always-positive function in COO((?U ), so the orientation that we
get on AU is independent of &.
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To do this over the whole of 0X, we use a partition-of-unity to build a
vector field € along X which points outwards at all points. Then contracting
the volume form on X with £ gives a volume form on 0X, and the orientation
class is independent of £.

O

Note that if (U, f) is an oriented chart, so @ is a positive multiple of the stan-
dard volume form, then this induced volume form ¢*(i¢@) is a positive multiple
of the standard volume form on AU € R™~!. So the associated chart (U, f|sr)
on 0X is also oriented.

Example F.5. e The closed ball X = B(0,1) C R™ carries a volume form
given by just restricting the standard volume form on R™. Hence the
boundary 0X = S™~! gets an induced orientation, and this is the same
orientation that is produced by Proposition 9.6.

e If X is an oriented manifold, and I is the closed interval [0, 1], then X x I
can be given an orientation by wedging the volume form on X with the
standard volume form on I. Then the boundary X L X gets an induced
orientation, but on the first component this is the opposite orientation to
the one that we started with.

Combining Lemma F.3 with the proof of Theorem 9.19 immediately proves:

Theorem F.6 (Stokes’ Theorem, Version 2). Let X be a compact oriented n-
dimensional manifold-with-boundary, and let v : 0X — X denote the inclusion
of the boundary. For any a € Q" 1(X), we have:

/da:/ Vo
X X

Note that X is compact (it’s a closed subset of a compact space) and
oriented (by Proposition F.4) so integrating over X does make sense.

Example F.7.

e Let D be the closed disc D = B(0,1) C R?, and let F : D < R? be an
injective immersion. For any one-form o € Q*(R?), we have that

/F*da:/ F*a
D S

(since F*da = d(F*a). This is the classical version of Stokes’ Theorem,
although normally one thinks of « as a vector field, and da as the curl of
the vector field (see Example 8.30). As weve seen, it actually works when
F' is any smooth function.

e Let Iy, I : X — Y be two smooth functions, and let
H:Xx[0,1] —Y

be a smooth function such that H|x oy = Fo and H|x 1} = F1. This
is called a (smooth) homotopy. Now suppose that X is compact and
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orientable, and that we have a closed n-form a € Q"(X), where n is the
dimension of X. Then since da = 0, we have

/ H*daz/Ffa—/Fé‘azO
X x[0,1] X b

and so [, Ffa = [, F§a (the minus sign appears in the above equation
because the first boundary component carries the opposite orientation).
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